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1 INTRODUCTION

1 Introduction

1.1 Some Basic Models and Direction Fields

Many laws and principles that govern the natural world are relations involving changing
quantities and the rates at which they change. For example, the net force on an object

as it falls is modelled by

mili—: = mg — v (1.1)

where m is the mass of the object, g is the acceleration due to gravity, and v is a damping

constant.

Definition 1.1 (Differential Equation). Differential equations are equations that

contain the derivatives of some quantity and possibly the quantity itself.

The solution to a differential equation is a function representing the quantity involved in

the derivative.

Definition 1.2 (Direction Field). Direction fields are visual tools used to study
solutions of differential equations of the form

dy _

o =1ty (1.2)

where f is commonly known as the rate function.

A direction field is constructed by evaluating f at each ¢ and y; the resulting value is the
slope of y at that ¢ and y. This slope is the slope of the solution curve y(t). To construct

mathematical models using differential equations, we follow the steps:
1. Identify the independent (generally time) and dependent variable.
2. Assign units of measurement for each variable.

3. Articulate the basic principle or law that governs the problem you are investigating,

like Newton’s law of motion.
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Figure 1: A direction field for dy/dt = y — t with one integral curve superimposed.

4. Express the law in step 3 with variables in step 1; you may have to introduce physical

constants or parameters, or auxiliary or intermediate variables that must relate to the

primary variables.

5. If units agree, then your model is dimensionally consistent but may have other short-

comings.

6. The result of step 4 is a differential equation; complex problems can involve extremely

complicated models.

7. Make sure your model works.

1.2 Solutions of Some Differential Equations

While slope fields are important, we often need the solution to a differential equation

itself. Consider the ODE

dp p — 900
— = 0.5p — 450 =
at ~ P 2

Rearranging,
dp 1 1
dt p—900 2

Recognising that this gives

d 1
Rl S
p n [p —900| 5

(1.3)

(1.4)

(1.5)
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Integrating and taking exponentials we get
p=900+ce’?, ceR (1.6)
We get an infinite set of solutions as ¢ € R; to get a specific solution, we have to
1,200 4
L
1,100 |

1,000 |

900
800

700 +

Y

1 2 3 4 5
Figure 2: Graphs of p = 900 + ce!/? for several values of ¢. Each blue curve is a solution
of dp/dt = 0.5p — 450.

specifically an initial condition like p(0) = 400.

Definition 1.3 (Initial Value Problem). An initial value problem (IVP) is a problem

where we have a differential equation and an initial solution,

Vo). i) =m (1.7)

The infinite set of solutions is called the general solution, and the geometric representation
is an infinite family of curves called integral curves. Each integral curve is associated with
a particular value of ¢ and is a graph of the solution corresponding to that value of c.
Specifying an initial condition gives an integral curve that passes through the given initial

point.

1.3 Classification of Differential Equations
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Definition 1.4 (Ordinary Differential Equation). Ordinary differential equations

(ODEs) involve unknown functions that depend on a single independent variable;
the derivatives are ordinary,
dy
—au—b 1.8
o =Y (1.8)

Definition 1.5 (Partial Differential Equation). Partial differential equations (PDEs)

involve unknown functions that depend on multiple variables; the derivatives are

partial,

Ou(z,t)  Ou(w,t)
2 ) _ )
ox2 0Ot (1.9)

«

If there is only one function we have a single differential equation. If there are multiple

functions we have a system of differential equations. The dimension of the system equals

the number of equations,

d
d—i =ar —axy (1.10)
i —cy + vy (1.11)

Definition 1.6 (Order). The order of a differential equation is the order of the

highest derivative that appears in the equation. Writing

y" = f(ty, v,y y"Y) (1.12)

gives a differential equation of order n.

Definition 1.7 (Linear Differential Equation). A linear differential equation is of

the form

ao()y™ + a1 )y + -+ a4ty = g(t) (1.13)
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This is commonly reworded as: an ODE is linear if it is of the form

Ftyy.y,....y™)=0 (1.14)

iff ' is a linear function of y, v/, ..., y™.

*

An equation not of this form is nonlinear. These are much more complicated to solve,

but many nonlinear differential equations can be converted into a linear equation in a

process called linearisation.

Definition 1.8 (Solution). A solution of the nth order differential equation on the

interval a < t < /3 is a function ¢ such that ¢', ¢", ..., ¢ exist and satisfy

o (t) = f (t.o(1), ¢'(t),- ... 0" V(1)) (1.15)

vt € (a, B). We assume f(t,u(t),...,u" 1 (t)) is a real-valued function and u(t) = ¢

is a real-valued solution unless otherwise specified.

To verify if a function is a solution to a differential equation, just substitute it into the

equation and see if it satisfies it.

We usually ask questions about existence, uniqueness and continuous dependence for

initial value problems,
e Fuxistence: Does the ODE have a solution?
e Uniqueness: If a solution exists, is it unique?

o Continuous dependence on initial conditions: If we perturb our initial conditions,

what will the solution do? Will the solution change significantly or only slightly?

If we meet all of these, we say our problem is well-posed.
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2 First-Order Differential Equations

Recall that a first-order DE is of the form

dy _

) 21)

Any differentiable function y = ¢(t) that satisfies the DE V¢ in some interval is called a
solution. There is no general method for solving a DE; instead, there are various methods

depending on the form of the DE.

2.1 Method of Integrating Factors

Consider the general first-order linear ODE written as

dy

= Tptly =9(t) (22)

Definition 2.1 (Integrating Factor). The method of integrating factors involves mul-

tiplying the ODE by a function p(t) known as the integrating factor (IF),

p(t) = + p(t)p(t)y = p(t)g(t) (2.3)

Notice that the LHS can be written using the product rule

& ity = )2 1y % (24
only when
&~ i) (2.5
Rearranging,
oy g0 (2.6
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This can be rewritten using the chain rule,

%(lnm(tﬂ) =p(t) = In|u(t)] :/p(t) dt + ¢,

Then,
,u(t) _ efp(t) dt+c1 _ Aefp(t) dt

(2.7)

(2.8)

Without loss of generality we can set A = 1 as the constant factors and cancels when we

multiply both sides of the ODE by the IF. The IF is then defined as

ult) = el PO

Now when we multiply by p(t) we have

d
pn (n(t)y) = u(t)g(t)
— = [ nltygle)dt+ ¢
The solution of the ODE is then

v= i | [ s

If we have an IVP y(ty) = yo, we can use it to solve for ¢,

[ttt e+

pu(to)

2.2 Variation of Parameters

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Variation of parameters is nearly identical to the IF method. Consider the general first-

order linear ODE

dy

= +p(t)y = g(t)

(2.14)
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If g(t) =0,

dy
= —p(t 2.1
Y i (2.15)
y/
— Y —p(t) (2.16)
— y = Ae” JrO (2.17)
Now if g(t) # 0, we look for a solution of the form
y(t) = A(t)e” Jr)d (2.18)

Plug this into the ODE,

‘z = A(t)e POt _ ) A(t)e S P
(2.19)
— AW)e IPOE _ pyAt)e IPOU L) A(t)e PO — g(1) (2.20)
Thus,
Al(t)e= IO — g(1) (2.21)
— A'(t) = g(t)el PO (2.22)
Recognising that pu(t) = e/ PO we have
At) = /,u(t)g(t) dt +c (2.23)
Plug this into our solution,
y(t) = e~ JrOd [/ wu(t)g(t) dt + c} (2.24)
1
o) {/u(t)g(t) dt + c] (2.25)
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Thus, we get the same solution as the method of IF. Both techniques can be used; there

is no situation where one technique will work and the other won'’t.

2.3 Separable Differential Equations

We now consider first-order nonlinear ODEs. These can be written as

M(z,y) + N(z, y)j—i =0 (2.26)

Definition 2.2 (Separable Differential Equation). We call a differential equation
separable when M (z,y) is only a function of z, M (z), and N(z,y) is only a function

of y, N(y),

M(x) + N(y);i—i =0 (2.27)

Let us define Hi(x) and Hs(y) to be the antiderivatives of M and N respectively. Then,

dH1 dH2 dy
—_—t——= 2.28
dx * dy dx ( )
Recognising from the chain rule,
dH,y dy d
—— = — |H. 2.29
Then,
d
= [H(2) + Ha{y(2))] =0 (230
which gives
Hi(x) + Ha(y(x)) = ¢ (2.31)

Any differentiable function of the form y = ¢(z) that satisfies the above is a solution to

the nonlinear ODE. If we have an IVP y(xy) = yo then

Hi(zo) + Hy(yo) = ¢ (2.32)

9
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This gives

Hy(x) + Ha(y(x)) = Hi(xo) + Ha(yo) (2.33)

= H\(z) — Hi(2o) + Ha(y(z)) — Ha(yo) = 0 (2.34)

From the fundamental theorem of calculus,

/xM(t) dt + /yN(t) dt = 0 (2.35)

This is known as an implicit solution of the ODE.

2.4 Homogeneous Differential Equations

Consider the ODE

dy

) (2.36)

Definition 2.3 (Homogeneous Differential Equation). If f(z,y) can be written as a

function of the ratio y/z, we call the ODE homogeneous,

dy y)
— = = 2.37
dx g (:1: ( )
We can make the substitution
Y dy dv
-2 - - - 2.38
v " — y=av — o v+x o ( )

10
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Then,

dv
B 2.39
vt = o) (2.39)

d
= xé =g(v) —v (2.40)
1 dv 1
_— = 2.41
g(v) —vdr =z (241)
1 1

— —— dv =0 (2.42)

This is a separable ODE in terms of v; we use the technique in the previous section to
solve. We assume z # 0 and g(v) — v # 0 to divide. If g(v) = v then we have the trivial
case

dv dv

v+ T = glv) = T = 0 (2.43)

2.5 Exact Differential Equations

Suppose we have our first-order nonlinear ODE of the form

M(z,y) + N(z, y)j—i =0 (2.44)

Definition 2.4 (Exact Differential Equation). Suppose we can identify a function
Y(x,y) such that
oY

0
9 M (z,y), 8—;5 = N(z,y) (2.45)

where ¥(x,y) = ¢ gives us an implicit y = ¢(x) as a differentiable function of z.

Then we can write our ODE as

oY opdy d
9 8_3/% = %w(fli, ¢()) (2.46)
Then,
d
(o)) = 0 (2.47)

11
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Solutions to the ODE are given implicitly by ¥ (z,y) = c.

For complicated equations, it is difficult to tell whether a given equation is exact, and

if it is, the method to find ¥ (x,y). The following theorem has a constructive proof —

the proof gives us a way to find ¥ (z,y).

rectangular region R: o <z < f3, 7y <y < d. Then

dy

M N —~Z =0
(z,y) + N2, y) -
is an exact ODE if and only if

oM  ON

dy  Ox

at each point of R. That is, there exists a function ¢ such that

oy oy
%—Mand 8y_N

if and only if M and N satisfy M, = N,.

Theorem 2.1 (Exactness). Let the functions M, N, M,, N, be continuous in the

(2.48)

(2.49)

(2.50)

Proof. Forwards. Assume there is a function v with ¢, = M and v, = N. Then

My = 'lva,w Nx = wyx

(2.51)

Since M, and N, are continuous, then 1,, and v, are continuous, and they are equal.

Backwards. We need to show that if M and N satisfy M, = N, then our ODE is

exact, i.e. we need to construct a ¢ where ¢, = M and ¢, = N. If 0¢/0z =
then
0Q
Y(x,y) = /M(x,y)dx =Q(z,y) + h(y) = e M
Then,
oy 0Q b
5 = 5 W) = Nizy)

M(z,y)

(2.52)

(2.53)

12
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Solving for 1'(y),
9Q

W(y) = N(z,y) - i (2.54)

Now A/(y) only depends on y so N(x,y) — 0Q /0y must too. Then,

a% [N(x, y) — %_22] =0 (2.55)

N

— %_%%:o (2.57)

Since 9Q/0x = M, then ON/0x — OM/dy = 0. Thus, N, = M, ]

Solve the DE

d
ycosx + 2xe’ + (sinx + z%e¥ — 1) o

=0
dx

13
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s N

Solution

We identify
M (z,y) = ycosx + 2zeY, N(z,y) = sinx + 2%e¢¥ — 1
Check exactness,
8—M = cosx + 2ze’, oN = cosx + 2xeY
dy ox

Thus the DE is exact so we can find a ¢(z,y) with ¥, = ycosx + 2ze? and

Y, = sinx 4 r?e¥ — 1. Integrating 1, with respect to z,
Y= / (ycosx +2ze”) dov = ysinz +2°e” + h(y)
Differentiating with respect to y and comparing with ,,
Y, =sinz + 2%eY + W (y) =sinz + 2% — 1 = h(y) = -1 = h(y) = —y

Thus,

U(z,y) = ysinz +2%e¥ —y=c

gives an implicit solution.

2.6 Exact Differential Equations and Integrating Factors

Remember that for an ODE of the form

M (z,y) + N(x, y)j—z =0 (2.58)

it is exact if we can find a ¢ where ¢, = M and ¢, = N. There are cases where

M, # N, so we cannot use the method directly. Thus we make use of an integrating

14
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factor = pu(x,y) and multiply, giving

d
UM + uNﬁ =0 (2.59)

Now we need to make it exact, i.e. find a 1) = ¢(z,y) where

% _ o 9

= = uN 2.
. WM, » 0 (2.60)
This occurs when
—( M) = —( N) (2 61)
y 1 =5 1 .

If this holds we have an exact ODE so we solve as we would with an exact ODE. Now,

by the product rule,
ol oM ol ON

M—+p—=N_—+

—_— 2.62
dy oy oz M ox (262)

This is a partial differential equation so we assume either p is only a function of =z,

= p(z). Then,
oM du ON
- NE - 2.
K oy dx T ox (2:63)
du oM  ON
Thus,
:U’, My - Nac
2y ' 2.
C - (2.65)

Since p'/p is only a function of z, (M, — N,)/N depends on z only. If our ODE was
originally exact then M, — N, = 0, so u is a constant — we are multiplying our exact
ODE by a constant, which is still exact.

Now, if we assume p is a function of y only then p = u(y) so

Mdu oM ON

T = 2.66

ey T P an (2.66)
o Ny — M,

— =T 2.67

. i (2.67)

15
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1 /1 depends on y only so (N, — M,)/M depends on y only. These are constraints we

can place on pu.

Solve the ODE via an exact integrating factor

62x+y_1_y/:O

16
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-

Identify

M(z,y)=e*+y—1,  N(z,y)=—1

Check exactness,

M, # N,, so the ODE is not exact. Multiply by an IF g,

p(e*+y—1)—py' =0 = puM+puNy' =0

If 1 is a function of z,

Thus y//p = —1, giving
In|pu| = /—1(135 =—2+c = |pl=ee"=Ac" = p=¢e"
Our ODE becomes
e (e ty—1)—e "y =0 = " +ey—e -y =0

Now identify

Yp=e"F+ety—et, Yy =—e"

Integrating v, with respect to y,
Y =—e"y+ h(x)

Differentiating with respect to x,

U Y= "y+h(z)=e"+e"y—e® = h(z)=¢"—e" = h(z)=€e"+e "

Solution

~

17
Thus,
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Solve the ODE

dy
2 — YL —
y+ (2 ye)dx 0

18
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-

Solution

Identify

M(z,y) =y, N(z,y) = 2z — ye'

Check exactness,

W My—N, 1-2 -1
W N C2r —yev  2x — yeY

This depends on y, a contradiction, so assume p is a function of vy,

py  Ny— M, 2-1
% M Yy Yy

Then,
1
lnlulz/gdy=1n|y|+c = p=y (WLOG)

Our ODE becomes

dy
2 2 _2y_:O
Y-+ (2xy ye)dm

Since this is exact there is a ¢ = ¥(x,y) with

81/1 2 aw 2
i — =2xy —y“e’
ox v dy W
Integrating,
Y= /derr = y’z + h(y)
Differentiating,
3"¢ . / o 2y / _ 2y
a—y_Qxy+h(y)—2$y—y e = h'(y)=-y’e

Integrating by parts,

~

h(y) = / —y2e¥ dy =197%e¥ + 2ye¥ — 2e¥ + ¢

Th11Q




2 FIRST-ORDER DIFFERENTIAL EQUATIONS

2.7 Existence and Uniqueness Theorem

In the case of linear ODEs,
dy

= +p(t)y = g(t) (2.68)

the uniqueness and existence theorem states:

Theorem 2.2 (Existence and Uniqueness for Linear ODEs). If p and g are continuous
on an open interval I = (a, ) containing t = ¢, where o < to < 3, then there exists
a unique function y = ¢(t) that satisfies the ODE for each ¢ € I with the initial

condition y(ty) = yo holding for any arbitrarily prescribed y, € R.

Proof. Multiply by the integrating factor p(t) = e/P®4  Since p is continuous, p(t) is
integrable and exists so [ p(t)dt is continuously differentiable and non-zero (we don’t

want to multiply by 0). All of this is V¢ € I. Thus,

d
o p(t) dtd_i + el Wiy )y = e/ PO g (p) (2.69)
Then,
d
" (yefp(t)dt> = g(t)e/ POt (2.70)
el _ / g(t)el PO gy (2.71)
oy — L gyel e gy (2.72)
Y= o p(t) dt gitje ¢ ’

Since e/ P4 is continuous and g(t) is continuous, the product is continuous and we
have a continuous solution. Now that we proved existence we need to prove uniqueness.
Consider the IVP,

ult) = to)ela ™ (2.73)

WLOG let u(ty) = 1 (this will not affect anything as () can be factored and cancelled).
Then,
u(t) = elio?()ds (2.74)

20
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Then,
/to @ () ds = / u(s)g(s) ds (2.75)
— p(B)y(t) — plto)y(te) = / u(s)g(s) ds (2.76)
1 t
— )= [ / u(s)g(s) ds + u<to>y<t0>] (2.77)
This is a unique solution. [ |

For general first-order ODEs, the theorem looks like this.

Theorem 2.3 (Existence and Uniqueness for First-Order ODEs). Let f and df/dy
be continuous in some rectangle R : a <t < f and v < y < . Assume R contains
the point (o, o), 80 @ < to < f and v < yo < §. Then, there is a unique solution
y = ¢(t) of the IVP ¢/ = f(t,y) ODE with IC y(t9) = yo. The solution exists in some
interval

to—h<t<ty+h (2.78)

contained in oo < t < f3.

Remark. If the ODE is linear then f(t,y) = —p(t)y+g(t) so df /0y = —p(t). Then we use
the above theorem. The conditions of the second theorem are sufficient but not necessary.
The existence but not the uniqueness of solutions can be proved if f is continuous.

A geometrical consequence of the uniqueness of solutions is that the graphs of two
solutions cannot intersect each other; otherwise there would be two solutions to the IC.

Vertical asymptotes or other discontinuities in the solution can only occur at points
of discontinuity of p or ¢ in the linear case. In the non-linear case it is hard to determine
the interval where the solution exists but y = ¢(t) will exist as long as (¢,¢(t)) is in
a<t<fandvy<y<d.

For first-order linear ODESs, we obtain a general solution with an arbitrary constant ¢
and all possible solutions follow by giving a value to ¢. For non-linear equations, despite

having a constant, not all possible solutions may follow.

21
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A consequence of the uniqueness and existence theorem for linear ODEs is that solu-
tions don’t exist at points of discontinuity of g(t): since if p and g were continuous on
(ar, 8), we are guaranteed a unique solution.

The case for linear ODEs is a stronger theorem than the general one, since it guar-
antees a unique solution on any interval where p and g are continuous, while the general

theorem only guarantees a unique solution on a small interval (ty — h,tg + h) around t.

2.8 Bernoulli Equations

Definition 2.5 (Bernoulli Equation). A Bernoulli equation is a non-linear ODE of

the form

dy

= Tpt)y =gy (2.79)

If n=0o0rmn=1 we get a linear equation which can be solved via integrating factors. If

n > 1, make the substitution v = y*=",

dv dy
= (1—n)y "2 2.
= (- (2.80)
Multiply the ODE by y~" to get
-n dy 1—n
y o ety =g(t) (2.81)
Then,
1 dv
- = 2.82
= (1) (282
Thus,
dv
o + (1 —n)p(t)v=(1—n)g(t) (2.83)

This is linear so multiply by the integrating factor

pu(t) = el -mp®)d (2.84)
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The solution is

o(t) = [/ ()1 = n)g(t) dt + ¢ (2.85)

1
fu(t)

Since v(t) = y' ™", we have y = {/v.

2.9 Applications of ODEs

2.9.1 Mixing Problems

Mixing problems are one application of using ODEs to model problems. Assume a fluid
flows into a tank at rate r; (m3s™!), which contains a substance like salt or dye of con-
centration (kg m™?), v(¢). Assume the fluid is perfectly mixed with the substance and

flows out at a rate o (m3s™!). If Q(¢) is the amount of substance in the tank, then the

concentration at time ¢ is
c(t) = Vi (concentration of final fluid) (2.86)

where V (t) is the volume of the fluid where

av

g =i = V(t) = (r; —ro)t + Vo (2.87)

where Vj is the initial volume. Then, the rate of change of the quantity Q(t) is the

difference between the amount that flows in and the amount that flows out,

aQ Q)

=r;y(t) — 2.88
If r; = ro we get V(t) = Vy to simplify,
dQ To
= = r(t) — — 2.
=) - 20 (2.50)

This can be solved via the integrating factor yu = el %,
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2.9.2 Compound Interest

Suppose a sum of money S is deposited in a bank that pays an annual interest rate r.
The value of the investment at time ¢, S(¢), depends on the frequency with which interest
is compounded and the interest rate itself.

The rate of change of value of the investment is equal to the rate at which interest

accrues (the growth rate of investment) and is proportional to the current amount,

s

T=rS, S(0) =5 (2.90)

This is a separable ODE which gives
S(t) = Spe™ (2.91)

Now assume if compounding occurs at finite time intervals m times per year. After ¢

years,

r\mt
St =5 (1+ ) (2.92)
m
where r is the annual interest rate. Now we can see whether, as m — 0o, we get the same
result as compounding continuously,

mt
lim S(t) = So lim (1+ %) (2.93)

m—00 m— 00

In(a)

Since a = ¢ we rewrite the above as

lim e™(H5)" = lim (i) (2.94)
m—r0o0 m—0o0
By the laws of limits,
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This leads to an indeterminate form (oo - 0) so we have to use L’Hopital’s rule,

In(1+ %
lim mIn (1 + 1) g ) (2.96)
1 —r
. 1+r/m ’ m2
m2r
= lim ——— (2.98)
m—o0 M* + Mr
r
= lim ——— 2.99
ml—{%o 1+ r/m ( )
=7 (2.100)
Thus,
etlimm%oomh’l(l-i-%) — eTt (2101)
Thus the limit converges (as expected) to
S(t) = Spe™ (2.102)

We now consider continuous compounding interest again where we now have deposits or

withdrawals that take place at a constant rate k ie

ds
— =rS+k (2.103)

We have a deposit when k£ > 0 and a withdrawal for £ < 0. This is a first order linear

ODE

ds
— TS =k (2.104)
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The integrating factor is y = e/ =% = ¢~ Then,

as

e_’“t% —rSe " = ke " (2.105)
= (Se ™) = ke (2.106)
= Se " = /ke” dt + ¢, (2.107)
—rt k —rt
Se " = ——e + (2.108)
k
— S = -+ cre’” (2.109)
Substituting S(0) = Sy,
k k
S(O) :—;—FCl :So — C :SO_'_; (2110)
Thus the solution to the IVP is
k k k
S(t) = <SO + —) et — — = Spe" + —(e" — 1) (2.111)
r r r

2.10 Autonomous Differential Equations and Population Dy-

namics

Definition 2.6 (Autonomous Differential Equation). Autonomous differential equa-

tions are those in which the independent variable does not appear explicitly, i.e.

dy
i f(y) (2.112)

Autonomous differential equations are generally used to model the growth or decline of
populations. We will see that we can analyse such equations geometrically and obtain

important qualitative information without solving them.
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2.10.1 Exponential Growth

Exponential growth is modelled by

d
d_gz =Try e Yy = cert (2].13)

where y = ¢(t) is the population of a species at time ¢ and r is the rate of growth or

decline.
e If r > 0 we have population growth.
e If r < 0 we have population decline.

If y(0) = yo we have y(t) = yoe™. This is an unrealistic model as it assumes that the
population of a species grows indefinitely when in fact other factors like availability of
food, space, etc., eventually show up and reduce the rate of growth. To account for this,

logistic growth was proposed.

2.10.2 Logistic Growth

Logistic growth accounts for the fact that the growth rate depends on population given

by the logistic equation

dy

— =h 2.114
o = wly (2.114)
Initially, we can ignore resources on populations so for small y, h(y) ~ r > 0. h(y)
decreases as y increases to show decreasing growth. When y is sufficiently large, h(y) < 0

to show population decreases due to resource limitations. The simplest choice for h(y)

that satisfies these is

hy) =r—ay (2.115)
Thus
dy B Y o
= —ay=r(1-2)y K== (2.116)

K =r/a > 0 is known as the saturation level or environmental carrying capacity, and r

is known as the intrinsic growth rate (the growth rate in the absence of other factors).
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The equilibrium solutions are solutions that are constant in time (solution doesn’t

vary in t). These occur at dy/dt = 0, which gives

We can plot f(y) = r(1 —y/K)y against y to get

Figure 3: Graph of f(y) = r(1 — y/K)y for the logistic equation.

We see that dy/dt > 0 for 0 < y < K and dy/dt < 0 for y > K. Thus solutions with
initial conditions in (0, K') increase until they reach the line y = K (because dy/dt > 0),
while solutions with initial conditions in (K, 00) decrease until they reach y = K (because
dy/dt < 0).

We can consider the concavity of y by considering d?y/dt?,

d?y _d

= S 1w) (2.118)
_df dy
_df
= () (2.120)

For f(y) =ry —ry?/K, df /dy = r — 2ry/K, so

Py _ (1 _ 2_?/) (1 _ ﬂ) y (2.121)

a2

The curve is concave up (d?y/dt* > 0) for (0, K/2) and concave down in (K/2, K), and

concave up in (K, 00). We can summarise it in
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Y O<y<K/2| K2<y<K |y>K
y=1r + + -
df /dy + - —

y" + - T

This can be used to draw solution curves.

Y

S

y =0t

Figure 4: Solution curves to the logistic equation.

These solutions do not intersect y = K as the existence and uniqueness theorem states
only one solution passes a given point. Also a solution that starts out in 0 < y < K
remains in this interval for all ¢, and so does a solution that starts out at K <y < oo.

The logistic equation is separable so we can solve it,

1 _A B _1<1+ L > (2.125)
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Then,

/1 N U D
- — - —_ cC
K\y K—y) Y g™

1
— —(Inly| —In|K —y|) = =t +c1
— In ‘zrlf—i—cz
-y
Yy Tt
=C
K—y ¢
— y=CKe" — Cye™
o CKe™
v= 1+ Cert
At y(0) = yo we have
CK Yo
Yo i C K —u
Thus,
Ke" K
y(t)_ Yo e o Yo

K —yo+yoet  yo+ (K —yole "t

2.10.3 Phase Lines and Stability

A phase line is a way to visualise solutions to autonomous ODEs.

1. For dy/dt = f(y), plot f(y) against y.

2. Mark all the equilibrium solutions on a vertical line.

(2.126)

(2.127)

(2.128)
(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

3. Draw an arrow up (if f(y) > 0) or an arrow down (if f(y) < 0) depending on the sign

of f(y) in these regions [plug equilibrium solution in f(y) to get sign].

The phase line for the logistic equation is as follows.

We can classify the stability of solutions from the phase diagram; the stability de-

scribes how solutions behave under small perturbations.

Definition 2.7 (Stable Equilibrium). A stable equilibrium solution says that the

solution tends to stay close to the equilibrium for all future times regardless of small
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(since f(y) <0 for y > K)
y=K

(since f(y) >0 for 0 <y < K)

y=20

Figure 5: Phase line for the logistic equation.

perturbations.

Definition 2.8 (Asymptotically Stable Equilibrium). A stronger condition is an

asymptotically stable equilibrium which says the equilibrium is stable and nearby

solutions approach the equilibrium point as t — oo.

Definition 2.9 (Unstable Equilibrium). An unstable equilibrium is when small per-

turbations cause solutions to move away from the equilibrium solution.

Definition 2.10 (Semistable Equilibrium). A semistable equilibrium is an equilib-

rium stable on one side but unstable on another.

2.11 Proof of the Existence and Uniqueness Theorem

This is a proof of the existence and uniqueness theorem for any first order ODE (both

linear and non-linear). The theorem is also known as the Picard-Lindel6f theorem.

Theorem 2.4 (Picard-Lindeldf). For the IVP ' = f(t,y), y(to) = yo, if f and
Jf /0y are continuous on a rectangle R : a < t < 3, v < y < ¢ that contains the

initial condition (¢, o), then there exists a unique function ¢(t) that solves the IVP

and exists for tg — h <t < ty + h.

Proof. Step 1. It is sufficient to prove the theorem for the IVP ¢/ = f(t,y), y(0) =0

because we can always shift to the more general form y(tg) = yo with the following
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transformations. Define

z(t) = y(t +to) — vo (2.134)
g9(t,2) = f(t +to, 2+ vo) (2.135)
Then,
Z(t) =y (t +to) (2.136)
= f(t+to, y(t+t0)) (2.137)
= f(t +to, 2(t) + yo) (2.138)
=g(t,z(t)) (2.139)

When t = 0, 2(0) = y(to) — yo = 0. So the new function satisfies 2/'(t) = g(t, z) for
2(0) = 0. Thus, if we prove the theorem for the IVP y(0) = 0, we can always just make
a shift like above to get to any initial condition.

Step 2. The current problem is not very helpful to work with; thus we want to
convert our IVP into something we can work with. Assume there is a function y = ¢(t)

that satisfies the IVP, i.e. ¢/ = f(¢,¢) and ¢(0) = 0. Thus we can integrate to get ¢,

o= [ ' Fls, () ds = 6(t) — 6(0) (2.140)

This is called an integral equation. We used the fact that since ¢ solves the IVP, ¢(0) =

0. Additionally now suppose there is a continuous function that satisfies the integral

equation. Since ¢(t) = fot f(s,9(s))ds then ¢(0) = foo f(s,0(s))ds = 0. Then ¢(0) =0

and via the fundamental theorem of calculus

¢'(t) = f(t, (1)) (2.141)

Thus, the IVP and integral equation are equivalent; if we find a unique solution to the

integral equation, we have proved the theorem for the IVP.
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Step 3. We now try and build a solution via repeated integration. We show that all
the solutions then converge to the unique solution ¢. This is known as Picard’s integration
method. We are trying to build a sequence of functions (each function need not converge

to the actual solution, but the entire function will). We start by defining

do(t) =0 (2.142)

This satisfies the initial condition but not necessarily the ODE. Now define

o) = [ F(s, do(s)) ds (2.143)

oat) = / £(5.61(5)) ds (2.144)
In general,

¢n(t)=/0 f(5,0n-1(s)) ds (2.145)

This yields us a sequence of functions {¢,}. Each member does not satisfy the ODE
but it does satisfy the IC ¢,(0) = 0. The reason it satisfies the IC is because ¢,(0) =

foo f(s,¢n-1(s))ds = 0. The reason it doesn’t satisfy the ODE is because

On(t) = f(t, Gu-1(t)) not f(t, dn(t)) (2.146)

However, if for some k it holds that ¢g1(t) = ¢r(t), then ¢x(t) is a solution. This is

because

t
Gry1(t) = / f(s, 0r(s)) ds = Pi(t) (2.147)
0
Thus ¢ (t) satisfies the integral equation. Also, ¢,.(t) = f(t, ¢r(t)) and ¢x(0) = 0 so it
satisfies the IVP and is thus a true solution. However, in general this does not occur, i.e.
we do not get a ¢(t) after some finite iteration. They only approach equality as n — oo
and thus we need to take the limit,

é(t) = lim é,(t) (2.148)

n—oo
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If the limit exists, ¢(t) will satisfy the integral equation. In essence, the iteration converges
to the true solution.

Step 4. We don’t know yet if all the integrals from the iteration lie in the domain
where f is defined. For example, for some n = k it is possible for the graph of y = ¢ ()
to lie outside the rectangle R. Then, computing ¢ 1(f) would be impossible since f(t,y)
is not necessarily continuous outside R.

To avoid this, restrict ¢ to an even smaller interval than || < a. To find such an
interval, we make use of the extreme value theorem, which says a continuous function on

a closed and bounded region is bounded by a maximum value M, i.e.
|fty)l <M V(ty) € R (2.149)

Thus M is a uniform bound on how large f can get inside R. We can use the bound to

control how large each iteration can get.

¢ It
G (1)) = / £ (5, 6u(s)) ds| < / £ (5, fuls))] ds (2.150)

This is true since | [ f(z)dz| < [|f(x)|dz. Also, since |f(s,¢n(s))| < M, then

It

|Gnsa ()| < [ Mds = Mt (2.151)
0

Thus, for each n,

|Onta ()] < Mt (2.152)

Now we need to guarantee that the graph of ¢,.1(t) always lies inside R, i.e. [t| < a
(stays within horizontal bounds of R) and |¢,41(t)| < b (stays within vertical bounds of

R). From the inequality above this holds provided

b b
Mt| <b = |t| < i (so |t| < aand |t] < M) (2.153)
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Thus if we define h as

b
h = mi — 2.154
min (a, M> ( )

Then for all ¢ such that |t| < h, all the points in the graph of ¢,1(¢) lie in R. This
ensures that the argument (s, ¢,(s)) in f(s, @,(s)) stays in the region where f is known
to be continuous and bounded.

Step 5. Now that each member of the sequence {¢,(t)} is bounded, we need to make

sure the sequence converges. Identify

On(t) = ¢1(t) + (d2(t) = ¢1(t)) + - + (dn(t) — dna(t)) (2.155)

This is the nth partial sum of the infinite series

0+ 3 (6unlt) - nlt) (2.156)

{¢n} converges only if the infinite series converges. Thus, it is necessary to estimate the

magnitude of the general term ¢y, 1(t) — dr(t).

Corollary 2.4.1 (Lipschitz Condition). If 0f/0y is continuous on a rectangle D, then

there is a positive constant K such that

|f(t ) — f(ty2)| < Ky — 32 (2.157)

where (t,y1) and (t,y2) € D. This inequality is known as the Lipschitz condition and K

is known as the Lipschitz constant.

Proof. Hold t fixed; consider F'(y) = f(t,y). By assumption F”(y) exists and is continuous
Vy such that (t,y) € D. Then by the mean value theorem, for any vy, yo such that (¢, )

and (t,y2) € D, Jy* € (y1,y2) such that

F(y2) — F(y1) = F'(y")(y2 — v1) (2.158)

Since F” is continuous on D, = {y | (¢,y) € D} then there is a positive constant K such
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that
K = max g‘ = max |F"| (2.159)
(tw)eD | Oy (t,y)ED
Thus,
[F(y2) — F(y1)| < Klya — | <= [f(t,51) — f(t,92)] < Ky — 32 (2.160)
|

The Lipschitz condition says that no matter where you are in a region, changing y
by a little changes f at most K times that amount. Thus, f doesn’t oscillate or blow up

quickly with respect to y.

Corollary 2.4.2. If ¢,,_1(t) and ¢,(t) belong to the sequence {¢,(t)}, then by the Lip-

schitz condition and the rectangle defined as above, it follows that

[f(E, dn(t) = [t nr(D))] < K[dn(t) = dna(t)] (2.161)

If |t| < h and ¢t > 0 (argument symmetric for ¢ < 0),

[01(2) — @o(t)] = |p1(t) — O] = [61(2)] (2.162)
[o1()] = /f , o(s (2.163)

- /0 £(s,0) ds (2.164)
S/Othngt (2.165)
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Since |f(t,y)| < M for (t,y) € D. Now,

62(t) — n(8)] = / £(s,61(s)) ds — / £(s,dols)) ds

/O F(5,61(3)) — £(5, do(s)) ds

< / 1£(5.61(5)) — £(5, do(s))] ds

< / K|é1(s) — dols)| ds

Since [¢y(t)| < Mt, we have

t t 2
62(t) — dn(0)] < K/O 161(s)|ds < K/o Msds = 22

Thus we see

|01(t) — ¢o(t)| < Mt

KMt?
6a(t) = n(0)] < =
In general,
MKn—l n
’¢n(t) - ¢n—1(t)‘ S Tt

Since we know V¢, [t| < h, we can further bound this by

Manlhn
n!

‘(bn(t) - (bnfl(t” <

(2.166)
(2.167)
(2.168)

(2.169)

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

We can prove this using mathematical induction (we showed it is true for the base case

n =1 and 2). For our inductive hypothesis, we assume it is true for some n = m, i.e.

MKm—ltm
m!

|Om (t) — Pm-1(t)] <

(2.175)
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Now we show it is true for n = m + 1,

G (£) — dlt)] = / £ (5, bum(s)) ds — / £(5) b (5)) ds

/0 F(5, 6u(5)) — F (5, () ds

< / (5, 6m(5)) — £ (5, bmr(s)] ds

Add a Lipschitz condition for f, i.e. |f(t,y1) — f(t,92)] < K|y1 — 2/,

() — bun(8)] < / K16 (5) — b (s)] ds
'K ME™lsm
0 m!

MEK™ [t
= / s ds
m!  J,

MKt

 (m+1)!
MEK™pm™H

- (m+1)!

ds (apply the inductive hypothesis)

Hence proved by mathematical induction.

Now we need to prove the convergence of {¢,(t)}. Write

Pn(t) = 01(t) + (92(t) — ¢1(1)) + -+ + (Dn(t) — Pna(t))

Use |a + b| < |a| + 0],

la+b+c| <la|+ |b+c| < |a| + |b] + ||

|G ()] < [D1(1)] + |d2(t) — G1(E)] + - -+ + [Pa(t) — Pnr(D)]

(2.176)
(2.177)

(2.178)

(2.179)
(2.180)
(2.181)
(2.182)

(2.183)

(2.184)

(2.185)

(2.186)
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Now,

[Pn(t)] < Mt + M§t2 +ot %ﬁtn (2.187)
< % (Kt+ %?2 ot (17(;!)”) (2.188)
< %g U;f)j (2.189)
< %i@ (}?;)j (2.190)

Remember e” = 37 ;27 /j! (Taylor series for ¢”); this has a radius of convergence of oo,
i.e. (—o0,00).

¢, being a partial sum of a convergent series, converges! This converges absolutely
because of absolute value. Absolute convergence implies convergence so ¢, converges.

The limiting function is

é(t) = lim é,(t) (2.191)

n—oo

Step 6. We have now shown there exists a limit function ¢(t). We now need to show
¢(t) satisfies the ODE by showing that it satisfies the integral equation. We would like

to know that ¢(¢) is continuous. It turns out this is true since ¢,, — ¢ uniformly.

Definition 2.11 (Uniform Convergence). A sequence of functions {f,} is uniformly

convergent to a function F' in D if and only if

lim |F(z) — fu(x)| =0 Ve=(t,y) €D (2.192)

n—o0

We proved the uniform convergence of ¢, to ¢ in step 5. Now we have the following

theorem for calculus:

Theorem 2.5 (Continuity of Uniform Limit). If {f,} converges to F' uniformly on

D and each function f, is continuous on D, then F' is continuous on D.

Proof. We prove F' is continuous at an arbitrary point xqg € D. Given € > 0, choose N
so that

IF(z) — fy(2)] < g VzeD (2.193)
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Then, for any x; € D, it holds

|F (1) — F(xo)| = |F(21) — fa(w1) + (1) — fa(wo) + f(wo) — Flwo)|  (2.194)
< [F (@) = fn(e)| + [ () = fa(@o)l + [ fv (o) — Fwo)| - (2.195)

< g Unlan) = ulao) 4 (2.196)

Now we use the fact that fy is continuous on D. Given € > 0, we may choose § > 0 so

that for |zg — 1| < ¢ it holds

| fn(z1) = fn(zo)| < g (2.197)
Hence,
| F'(21) = F(x0)] <§+§+§:e (2.198)

We have therefore shown that given € > 0, there is a 6 > 0 such that for |zg — z1] < J it
holds

|F(x1) — F(xo)| <€ (2.199)
which proves F' is continuous at x. |

Returning to our integral equation,

Pn(t) = /Ot f(5,0n-1(5)) ds (2.200)

Take the limit as n — oo on both sides to get

t

o(t) = lim ¢,(t) = lim i f(s,n-1(s))ds (2.201)

n—oo n—oo

The following theorem states we can interchange the operation of integration and taking

the limit.
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Theorem 2.6 (Integration and Uniform Limits). Let I = [ty, 2] be a closed bounded

interval on the real line which has nonzero length, and let {f,} be continuous on I.

Then, if f, — F uniformly on I, it holds

to

n—oo t1 t1 t1

lim fa(s)ds = /t2 li_>m fal(s)ds = /t2 F(s)ds (2.202)

Proof. Since f,, and F' are continuous on I, the integrals exist. For any n we have

to to to
/ F(s)ds — / fu(s)ds| = / F(s)— fu(s)ds (2.203)
t1 t1 t1
to
< / |F(s) — fu(s)|ds (2.204)
t1
< max |F'(t) — fu(t)| x length(I) (2.205)
This is true since |F(s) — f,(s)] < M by the extreme value theorem on [t1, 5] so
to to
/ F(s) — fu(s)|ds < / Mds = M(ts — t) (2.206)
t1 t1
Since f, — F uniformly on I, max,c; |F(t) — fn(t)] = 0 as n — oo. Thus,
to to
lim fu(s)ds :/ F(s)ds (2.207)
n—o0 4 4
|
Thus we can show
t
6(t) = lim 6u(t) = tim [ f(5, 60 1(5))ds (2.208)
n—oo n—oo 0
t
= / lim f(s,¢n_1())ds (2.209)
0 n—o0
¢
= / f(s,0(s))ds (2.210)
0

Thus ¢(t) satisfies the integral equation and thus the IVP. We have shown there exists a

solution to the IVP.
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Step 7. We now need to show ¢(t) is unique, i.e. there is no other solution. Assume

a second solution y = v (t) holds. Then,

610) = 010) = [ 76,605 = £ 0(6)) ds (2.211)
= 1600 =000 < [ 17(5:0069) = Fls. 0050 ds (2212)
= o) vl < K [ 106) - vilds fr0<t<h (21)

Define U as
00 = [ 166s) ~ vis)l s (2.214)
Then U(0) = [|¢(s) — ¢:(s)| ds = 0. Also, U(£) > 0 for t > 0. U is also differentiable

by the fundamental theorem of calculus since ¢ and v are continuous. Thus,

U'(t) = [o(t) — ¥ (t)| (2.215)

Thus, it follows
6(t) — w(b)] < K/ 16(s) — W(s)| ds (2.216)
= U'(t) — KU(t) < (2.217)

This is a linear first order ODE in U so multiply by the integrating factor e/ ~K# = ¢~ Kt

(e ®U(t) <o (2.218)
— e *U1t) <0 (2.219)
— Ut) <0 (2.220)

But from the definition of U(t), U(t) > 0 for each t > 0. Thus, U(t) =0 = U’(t) = 0.
Thus,

6() —¥(B)] =0 = (1) = (1) (2.221)
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2 FIRST-ORDER DIFFERENTIAL EQUATIONS

This shows that there cannot be two different solutions of the IVP for ¢ > 0. A similar
argument can be used for t < 0. Thus, we have proved that ¢(t) exists and is unique.

This concludes the existence and uniqueness theorem for first order ODEs. |

2.12 Euler’s Method

Only a very small number of ODEs can be solved analytically. Most ODEs, despite the
existence of a unique solution, cannot be solved analytically. We can instead use numerical
methods to approximate the solution to an IVP. The simplest numerical method is Euler’s

Method. Consider the IVP

y = f(t,y), y(to) = yo (2.222)

We know the solution passes through (¢g,70) and the slope of the tangent line of the

solution is f(tg, yo). Thus, the equation of the tangent line at (to,yo) is

Y —yo = f(to,y0)(t — to) (2.223)

If ¢, is close to ty, we can approximate y; = y(t1) by

y1 = Yo + f(to, vo)(t1 — o) (2.224)

If ¢, is close to t1, we can approximate y(ta) by

Y2 =1+ f(t, 1) (t2 — 1) (2.225)

In general we can approximate y(t,+1) by

If to,t1,t0, ..., ty, they are uniformly apart we define the step-size as
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t

Figure 6: Euler’s method: successive tangent segments approximate the true solution
curve.

h=tps1 —tn (2.227)

Then,

Ynt1 = Yn + LS (tn, Yn) (2.228)

In the interval [t,,t,.1] the solution is approximated by

y(t) = yn + ftn, yn)(t — t5) (2.229)

As the step-size h — 0, we better approximate the solution.

Example 3

For v/ = y(3 — ty), y(0) = 1/2 we have the following table of values.

b Yo | o =Ya(3 —tuyn)
n=0| 0 0.5 1.5
n=1025| 0.875 2.434
n=2/| 05 | 1.483 3.350
n=310.75| 2.321 2.923
n = 1 | 3.052 —0.1574
n=>5|1.25]3.0122 —2.305
n==6| 15 | 2.436
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3 SECOND-ORDER ODES

3 Second-Order ODEs

3.1 Homogeneous Differential Equations with Constant Coeffi-

cients

A second order ODE is of the form

fty,y,y") =0 (3.1)

A linear second order ODE is of the form

T o)L 4 gty = (1) (32

For a second order ODE, we need two initial conditions (because you end up with two
constants of integration). In general for an nth order ODE you need n initial conditions.

For a second order ODE, the initial conditions tend to be of the form

y(to) = yo (point the solution curve passes through) (3.3)
y'(to) = y4 (slope of the solution curve at that point) (3.4)
or
y(to) = Yo (3.5)
y(t1) = (3.6)

A homogeneous second order ODE is of the form

y' +pt)y +q(t)y =0 (3.7)
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3 SECOND-ORDER ODES

A homogeneous second order ODE has constant coefficients if our ODE is

ay” + by +cy =0, a,b,c € R (3.8)

A certain set of functions tend to repeat their forms after multiple higher order derivatives
— those are known as elementary functions. They tend to be solutions of n-order ODEs

for n > 1. The elementary functions are:
e Trigonometric: sin(at), cos(at)
e Exponential: e
e Polynomials

At

Assume y = e is a solution to the constant coefficient homogeneous ODE; i.e.

ar?eM 4 breM + ceM =0 (3.9)
— MaN? +bA+¢) =0 (3.10)

Since e* > 0, we have
aN> +bA+c=0 (3.11)

We can now solve this quadratic to find values of A\ that give us a solution to the ODE.
The polynomial equation we obtained is called the characteristic polynomial of the ODE.

If our characteristic polynomial has two real roots A\; and Ay then

p=eM, = (3.12)

are solutions to the ODE. Any linear combination of y; and ys is also a solution.

Lemma 3.1. If y; and y, are solutions to a second order homogeneous ODE with

constant coefficients ay” + by’ + cy = 0, any linear combination of y; and ¥, is also a

solution.
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3 SECOND-ORDER ODES

Proof. Let y = c1y1 + cay2 be a solution of the ODE. Then

Y'=cayl t ey, Y =ay + ey, (3.13)

ay” +by' + cy = alery) + cayy| + bleryy + cays] + clerys + caye] (3.14)

= cilay) +by; + cyi] + calays + bys + cyo] (3.15)

=0 (since yi, yo are solutions) (3.16)

Thus y = c1y; + c2y» is also a solution. [ |

The general solution to our ODE is then

y = a1y + cayp = 1M + cpe (3.17)

3.2 Solutions of Linear Homogeneous Equations

Definition 3.1 (Linear Differential Operator). Define a linear differential operator

as

Lyl =y" +pt)y + q(t)y (3.18)

where p and ¢ are continuous on some open interval I where ¢ = oo or both are
included. The domain of this operator is the set of all twice differentiable functions.

Its range is a set of unknown functions.

Thus a second order linear homogeneous differential equation is of the form L[y] = 0 and
a second order linear non-homogeneous ODE is of the form L[y] = ¢(t). Now consider

an IVP

Lyl =0, y(to) = Yo, Y (to) = o (3.19)

There is an existence and uniqueness theorem for second order linear ODEs.
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Theorem 3.1 (Existence and Uniqueness). Consider the IVP L]y| = ¢(t), y(to) = vo
and y'(to) = yj, where p,q and g are continuous on an open interval I that contains
to. Then, there is exactly one solution y(t) = ¢(t) and the solution exists throughout

1.

Remark. The theorem tells us that the IVP has a solution, the solution is unique, and
the solution is defined throughout the interval I where the coefficients are continuous,

and the solution is at least twice differentiable.

Example 4

For the IVP (t — 1)y” — 3ty + 4y = sint, y(—2) = 2 and y'(—2) = 1, determine the

largest interval where the IVP is certain to have a unique twice differentiable solution.

3t n 4 _ sint
TeonY T

1/

(=Y

S.t#1 = (—o00,1) and (1, 00) are solution intervals. We choose (—o0,1) as it

includes the IC.

\

We know that the principle of superposition works for constant coefficients, but it turns

out they work for any homogeneous linear second order ODE.

Theorem 3.2 (Principle of Superposition). If y; and y, are solutions to L[y] =
y" + p(t)y' + q(t)y = 0, then any linear combination of y; and ys is also a solution,
ie.

y(t) = c1yr + cayo (3.20)

is a solution.
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Proof.
Llcyyy + coyo] = (cryn + cayp)” + p(t) (cryn + cay2)' + q(t) (cryn + c2y2) (3.21)
= 1y + cayy + p(t) (1Y) + couh) + q(t) (cryr + coyo) (3.22)
= c1lyf + p)y) + q(t)yi] + calyy + p(t)ys + q(t)yo] (3.23)
=ciLiy] + coLfy] =0 (3.24)
[ |

However, we want to know if y(t) = c131 + coys spans all possible solutions to our ODE.

If we have the following initial conditions

y(to) = yo (3.25)

y'(to) = Yo (3.26)

Substitute these into our general solution to get

c1y1(to) + caya(to) = vo (3.27)

cryy (to) + cays(to) = Yo (3.28)

By Cramer’s rule (see MATH 416 notes), the solutions for ¢; and ¢y are

Yo 12(to) y1(to) Yo
Yo ¥a(to) yi(to) vo
= : cy = (3.29)
y1(to) y2(to) y1(to) y2(to)
Y1 (to) ys(to) yi(to) ys(to)

For ¢; and ¢, to exist, the denominator, which is the same for both, must be non-zero.

We define the denominator as the Wronskian evaluated at a point ty.
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3 SECOND-ORDER ODES

Definition 3.2 (Wronskian).

Wy1,y2)(to) = o) valio) = y1(to)vs(to) — 1 (to)ya(to) (3.30)

Yy (to) v (to)

The Wronskian need not be evaluated at a point; it can be left in terms of y; and s

as

Y1 Y2
Wy, y) = = 1Yy — V1Y (3.31)

/

(A ?Jé

From the Wronskian we get the important result.

Theorem 3.3. Suppose y; and y, are solutions of the second order linear ODE

Lly] =" + p(t)y + q(t)y = 0. Then, any linear combination

Yy =ciy1 + C2y2 (3.32)

includes every solution of the ODE (ie. spans all possible solutions) if and only if
there is a point ¢ty where W (y1,y2)(to) # 0. In other words, if we change our initial

conditions, we can always find a ¢; and ¢y that satisfies the equation.

Proof. Forwards. Assume our IC is at g ie y(ty) = yo and ¥/'(ty) = yj. Then substitute

these into our general solution to get

c1y1(to) + cay2(to) = Yo (3.33)

1y (to) + cay(to) = Yo (3.34)

By Cramer’s rule, the solutions for ¢; and ¢y are the ratio of determinants shown above.
Since W (y1,y2)(to) # 0, ¢; and ¢y exist. By the existence and uniqueness theorem, a
solution of the ODE is uniquely determined by y(ty) and 3/(¢y). Thus, every solution
arises this way.

Backwards. 1f ¢y, + coyo contains every solution, then there must also be ¢; and ¢y
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for the IVP y(ty) = 0 and ¥/(¢y) = 1. This gives

—ya(to) y1(to)
=9 o ___ ) 3.35
W) * T W w)) (339
Thus, this exists only when W (yy,y2)(to) # 0. |

This theorem says that the Wronskian of y; and s is not zero everywhere if and only if
the linear combination ¢y, + cy» contains all the solutions of the linear homogeneous
ODE. Thus we call y(t) = c1y1(t) + cay2(t) the general solution of the linear homogeneous
ODE, and we say y; and y, form a fundamental set of solutions to the ODE. This means
that any solution to the ODE can be expressed as a linear combination of y; and ys (they
act like basis vectors).

Thus to find the general solution of an ODE, we only need to find two solutions
such that their Wronskian is non-zero. Then any linear combination of these solutions
is a valid solution. We can now show that any differential equation of the form L[y] =

y" + p(t)y + q(t)y = 0 always has a fundamental set of solutions.

Theorem 3.4. Consider the ODE L[y| = " + p(t)y + ¢(t)y = 0 where p and q are
continuous on some open interval I. Let y; be a solution that satisfies y;(tg) = 1 and

y1(to) = 0 and y, be a solution that satisfies yo(tg) = 0 and y5(t9) = 1. Then y; and

Yo form a fundamental set of solutions.

Proof. Since p and q are continuous, and y; and y, are at least twice differentiable, then
y1 and yo are guaranteed to exist by the existence and uniqueness theorem. To show y;

and ys form a fundamental set of solutions we only need to compute W (yy,y2)(to):

W1, y2)(to) = plto) allo) P =1 (3.36)

Y1 (to) v (to) 01

Since W (y1,y2)(to) # 0, y1 and y, form a fundamental set of solutions. [ |
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We say that two functions f and g are linearly independent on an interval I if

In other words, neither is a scalar multiple of the other. Two functions are linearly
dependent if they are not linearly independent. We can use the Wronskian to study the

linear independence of functions.

Theorem 3.5. If f and ¢ are differentiable functions on an open interval I and if
W(f,g) # 0 for some ty € I, then f and g are linearly independent on I. Moreover,

if f and g are linearly dependent on I, then W(f,g) =0Vt € I.

Proof. For contradiction assume there exists constants ¢; and ¢s (not both zero) where

e f(E) + eag(t) = 0 (3.38)

Evaluate at ¢y, then differentiate and evaluate again,

c1 f(to) + cag(ty) =0 (3.39)

c1f'(to) + c2g'(to) = 0 (3.40)

This has coefficient matrix

f(to) g(to)
f'(to) g'(to)

(3.41)

whose determinant is W(f,g) # 0. Thus the unique solution is ¢; = ¢o = 0 since this
is the unique solution to a 2 x 2 system with non-zero determinant. Thus W (f,g) # 0
implies f and g are linearly independent.

Now we prove if f and g are linearly dependent then W (f,g) = 0. Assume f and g
are linearly dependent on I. Then there exists constants ¢; and ¢; (not both 0) such that

c1f(t)+cg(t) =00onI. WLOG if co = 0thenc; #0and f =0. Thus W = f¢'— f'g = 0.
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If ¢o # 0 then g = kf where k = —c;/cy. Thus,

W(f.9)=1rfg —flg=[fkf' = fkf =0 (3.42)

One interesting thing about second order linear homogeneous ODEs is that even if we
do not know the solutions of the ODE, we can still compute the Wronskian of any two

solutions via Abel’s theorem.

Theorem 3.6 (Abel’s Theorem). If y; and y, are solutions of the second order linear
homogeneous ODE L[y| = " + p(t)y' + ¢q(t)y = 0 where p and ¢ are continuous on

an open interval I, then the Wronskian W (y;,y2)(t) is given by
W (1, y)(t) = ce” I PO (3.43)

where c¢ is a constant that depends on y; and yo but not on ¢t. Further, W (y1,y2)(t)
is either 0 V¢ € I (if ¢ =0) or is never 0 in I (if ¢ # 0).

Proof. Remember that y; and ys satisfy

Y+ )y +qt)y =0 (3.44)

Yy +p(t)ys +q(t)y2 =0 (3.45)

Multiply the first equation by —y and the second equation by y; and add them,

=yt — p()y21y — q(O)yay1 + 1y + p(E) vy + () y1ys =0 (3.46)

= (s — yiy2) + () (s — y1y2) =0 (3.47)

53



3 SECOND-ORDER ODES

Let W = W (yy,y2)(t) and observe W/ = yyy5 — y{y2. Thus,

W'+ p(t)W =0 (3.48)
W/
— = _p(t 4
= 37 = () (3.49)
Thus [In [W]]" = —p(?),
In|W|=-— /p(t) dt +c¢ = W =ce [P0 (3.50)

Since the exponential function is never 0, W =0 iff c = 0 and if ¢ # 0 then W # 0. 1

3.3 Complex Roots of the Characteristic Equation

For ay” + by’ + cy = 0 the characteristic polynomial is

bt Vb2 —4
ar*+br+c=0 = r= 5 ac (3.51)
a
If v — 4ac < 0 then
b :
r=-g + QL\/ZLac — b2 (3.52)
a a
Define A and u by
b Vdac — b?
P (3.53)
2a 2a
Then r = A £ iu. Our solutions are then
yi(t) = Mg (t) = et (3.54)

We can use Euler’s formula to write this as a sum of sinusoids and work towards writing
y(t) as a real-valued function,

e = cos +isinf (3.55)
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3.3.0.1 Proof of Euler’s formula using differential equations.

Consider the ODE 3" +y = 0. We make an ansatz (guess) that the solutions are y; = cost

and yo = sint,

Y1 = cost = Yy = —sint = y| = —cost (satisfies the ODE) (3.56)

Yo = sint = yh = cost = y = —sint (satisfies the ODE) (3.57)

We now check if y; and y, are linearly independent,

cost sint ) )
W(y1,y2) = =cos t+sin“t =1 (3.58)

—sint cost
Since W (y1,y2) # 0 Vt, cost and sint are a fundamental set of solutions, ie. any solution

to the ODE is a linear combination of cost and sint. We also see y = ¢% is a solution to

the ODE,

y=c' = y =ie" = y’ =i%e" = —€" (so it satisfies) (3.59)

Thus e must be a linear combination of sint and cost ie

e = cicost + cysint (3.60)

At t =0, €® = ¢; cos(0) + cosin(0) = ¢; = 1. Differentiate,

ie" = —cysint + cycost (3.61)

Att=0,i=cy = cy =1. Thus, e = cost +isint. B
Since our solutions are y; = eA ™! and yy = eX " we can expand and use Euler’s

formula,

yp = Mt = eMeitt — Allcog(ut) + i sin(ut)] (3.62)

Yy = e)\tfl,ut — e)\tefz,ut —e

Mlcos(ut) — isin(ut)] (3.63)
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Since y; and ¥y, are solutions, any linear combination of y; and y, must also be a solution

by the superposition of linear homogeneous ODEs,

u(t) = & ; Y2 _ o cos(ut) (3.64)
o(t) =& 2—in — M sin(ut) (3.65)

We can confirm if 4 and v form a fundamental set of solutions,

W) — eM cos(put) eMsin(put) (3.66)

e cos(ut) — pesin(ut)  AeMsin(ut) + pe cos(put)

= (A sin(ut) cos(ut) + pe* cos®(ut)) — (Ae* sin(put) cos(ut) — pe* sin®(ut))

(3.67)
= pe*M(cos?(ut) + sin’(ut)) (3.68)
= e (3.69)

Since p = V4ac — b?/(2a) # 0, pe* # 0 Vt. Thus u(t) and v(t) form a fundamental set

of solutions. Thus the general solution to our ODE is

y(t) = cre™ cos(ut) + coe sin(ut) (3.70)

In other words the solution to ay” + by’ + cy = 0 when the characteristic polynomial has

complex roots is

Vidac — b? Vdac — b?
y(t) = c1e " cos (Lt) + coe /(29 gin <Lt) (3.71)
2a a
To plot a solution of the form Ae* cos(ut) + Ber sin(ut), first factor to get
eM(Acos(ut) + Bsin(put)) (3.72)
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Multiply by v/ A% + B2/y/ A2 + B2 to get

A B
V A2 + Bze)‘t (\/ﬁ COS(/Lt) + \/ﬁ Sin(,ut)) (373)
We know that |A| < VA2 + B? and |B| < VA2 + B? so
A B
- - (3.74)

Ry ~Uarp !

Additionally,

(o) () o

Thus we can define

A B
cosqQ = ———— sina = ——— (3.76)

VEL B JEL D

Thus we now have

VA2 + B2eM (cos(put) cos o 4 sin(pt) sin a) (3.77)

which simplifies to

VA2 4+ B2eM cos(ut — a) (3.78)

where tana = B/A. Define R = v/ A2 + B2. To plot Re* cos(ut — ), first plot +Re

as this envelopes the cosine. The plot of Re cos(ut — a) lies within these two graphs.

S

Figure 7: Envelope £Re* bounding Re* cos(ut — ).

The zeros of this curve occur at the zeros of cos(ut — o) which is a periodic function and
are hence equally spaced. The function touches the blue curves when cos(ut — a) = +1,

which are also equally spaced due to the periodicity of cosine.
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3.4 Repeated Roots of the Characteristic Equation

Consider the ODE ay” + by’ + cy = 0 which has the characteristic polynomial

—b+ Vb2 -4
ar*+br+c=0 = r= 5 ac (3.79)
a

If b> — 4ac = 0, we have a case of repeated roots ie r = —b/(2a). Both roots yield the

same solution

y1(t) = Ce "/ (0) (3.80)

We can’t write this as ¢;e™?/(2%) 4 ¢,e /(%) gince these are not linearly independent and
won’t form a fundamental set of solutions. We need a second solution so we have two
linearly independent solutions so that we can span all possible solutions of the ODE.

d’Alembert proposed there is a second solution of the form

y(t) = v(t)y () (3.81)
Thus,

y =0y (t) + o)y (t) (3.82)
y" =" () + 0 (0ys () + o' Oy (t) + o)y (1) (3.83)
=" (O (1) + 20" (0w (1) + v(t) (1) (3.84)
=v"y; + 20'y| + vy (3.85)

Substituting into ay” + by’ + cy = 0,
a(v"y + 20'y; +oyy) + b(V'yr +vyy) + vy =0 (3.86)
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—bt/(2a)

Since y; = e J Y= —2—17(1671”‘//(2”‘) = —%yl. Expanding the ODE,

b
2av"y + b'y; = 2a0’ (—%yl) + bv'yy (3.87)
= —bv'y; + D'y (3.88)
—0 (3.89)
Thus,
av"y + avyy + buyy + cvy =0 (3.90)
= av"y; +v(ay] +by; +cy1) =0 (3.91)

Since y; is a solution we have

av’y; =0 = V" =0 (since a # 0, y; > 0) (3.92)

Thus v = byt + by. Thus the second solution (%) is of the form

Yo (t) = te bt/ (20) (3.93)

We can confirm linear independence via the Wronskian,

bt/ (2a) te—bt/(2a)
W (Y1, y2) = (3.94)
_%e—bt/@a) o—bt/(20) _ %te—bt/@a)
b b
— —bt/a ¢ —bt/a ¢ —bt/a 3.95
c 2a ¢ * 2a ¢ ( )
— ¢ bt/a (3.96)

Thus W (y1,y2) # 0 Vt so they are linearly independent and form a fundamental set of

solutions. Thus for the ODE ay”+by’+cy = 0 with characteristic polynomial ar?+br+c =
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0 that has repeated roots (ie b* — 4ac = 0), the general solution is

y(t) = cre bt/ (20) o oopo—bt/(20) (3.97)

Example 5

Yy’ — %y’ + %y =0, y(0) = 3 and 3/(0) = b. Find the value of b that separates solutions

that grow positively vs those that initially grow negatively.

Using y(0) = 3,

Using y'(0) = b, y/(¢) = %et/?’ + coet/? + %Ztet/g‘,

y’(0)=%+02=1+c2=b — cy=b—1

Thus

y(t) = 3e? 4+ (b— 1)te!’® = et3(3 4 (b — 1)1)

If b—1 > 0 then b > 1 so solution grows positively. If b—1 < 0 then 3— (1 —b)t <

0 <= t>3/(1 —b). Value of b that separates is b = 1.

§

3.4.0.1 Summary for homogeneous second-order homogeneous differential

equations.

For the second-order ODE ay” + by’ +cy = 0 with characteristic polynomial ar?+br+c =

0 = r=(=bxVb>—4ac)/(2a):
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o If > — 4ac > 0 (two real roots) then

_ it rot b+ v b? — 4ac _ —b— Vb? — 4dac
y<t> = (€ + coe ’ r = ) ro =
2a 2a
e If b — 4ac = 0 (repeated roots) then
b
t) = rt t rt - _
y(t) = ere” +epte”, r = —o-
e If v — 4ac < 0 (complex roots) then
b Vdac — b?
y(t) = creM cos(ut) + coeM sin(ut), A= —5o H= %
a a

3.5 Reduction of Order

Suppose we have a linear homogeneous second order ODE given by

Lyl =y" +pt)y +q(t)y =0 (3.98)

If we know one solution y; (t) which is not zero everywhere, then by d’Alembert’s method

for repeated roots, the second solution is

Y2(t) = v(t)yr(t) (3.99)
Substitute y, into the ODE,
Yo = V'Y + vy (3.100)
vy = 0"y + 0"y + 0"y + oy = 0"y + 20"y, + vyl (3.101)
Llys) = v"y1 + 2v'y; +vyy + p(O)[v'yr + vyi] + q(t)[vyi] (3.102)
= 10" + (2yy +py)v" + () +py) +qyi)v =0 (3.103)
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Since L[y;] = 0 we have

10" + (291 + pyr)o' =0 (3.104)

Define uw = v'. Then we have

yiv' + 2y + py1)u =0 (3.105)

This is a first order ODE which we can solve to get u = v, and then integrate to get v.

Our second solution is then y, = vy;.

3.6 Solving Non-Homogeneous Linear Second Order ODEs

Consider a linear non-homogeneous ODE of the form

Llyl =y" +p@)y" + a(t)y = g(t) (3.106)

where p,q and g are continuous functions on an open interval I. We define the corre-

sponding homogeneous equation of the ODE above as the following ODE

Lyl =y" +pt)y' +q(t)y =0 (3.107)

Theorem 3.7. If Y; and Y, are solutions of the non-homogeneous ODE then Y] —
Y5 is a solution to the corresponding homogeneous ODE. Also if y; and yy form a

fundamental set of solutions to the homogeneous ODE then

Vi =Yy =y + e (3.108)
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Proof.
LY — Yo = (Vi = Ya)" +p(t)(Yi — Ya) + q(t)(Y: — Y2) (3.109)
=Y+ p(O)Y] + q(OY] — [¥3" + p(t)Y; + q(1)Y2] (3.110)
— L[] - L[Y3) (3.111)
— g(t) — g(t) = 0 (3.112)

Thus Y; — Y5 satisfies the corresponding homogeneous ODE. Also, since y; and s form
a fundamental set of solutions to the ODE, any solution can be expressed as a linear

combination of y; and ys. [ |

Thus, the complementary solution is needed to span all possible solutions of our ODE.

There are two ways to solve for the particular solution:

1. Undetermined coefficients: You try and guess what the general solution looks like and
substitute it into the ODE to determine the coefficients that satisfies the equation.
It is extremely easy but only works with constant coefficients and when ¢(t) is an

exponential function, polynomial or sinusoidal.

2. Variation of parameters: Replace the constants in the corresponding homogeneous
equation with functions u(t) and v(t), substitute into the ODE and solve for u and v.
Can be used whenever but requires integration to get u and v which does not always

have an analytic solution.

Theorem 3.8. The general solution of the non-homogeneous ODE can be expressed

as

y=o(t) =cryn +cayp +Y (3.113)

where y; and y» are solutions of the corresponding homogeneous ODE and Y is a

solution to the non-homogeneous ODE.
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Proof. Define Y1 = ¢ and Y, =Y. Then

Yi =Y =ciy + oy (3.114)
— ¢—Y =y + ey (3.115)
= O(t) =y +ay+Y (3.116)
]

The c1y1 + coyo term is known as the complementary solution y. and Y is known as the

particular solution y,. Thus the solution to the linear non-homogeneous second order
ODE is

Yy=9(t) =y +yp=cry1 + oo +Y (3.117)

The reason this works is because

L[o] = Llye + yp] = Llye] + Llyp] (3.118)

But Ly.] =0 so L[¢] = Lly,] = g(?).

3.7 Method of Undetermined Coefficients

The method of undetermined coefficients requires us to guess what the solution to the non-
homogeneous ODE looks like after we solve for the complementary solution. Depending
on what ¢(t) is, we make a guess for Y (¢) and determine its coefficients. If we do not
get valid coefficients then we may not have a valid solution to the ODE. Here are valid

guesses.

9(t) Y(t)

Pn(t) = ant" + an,lt”_l + -+ at 4+ ag tS(Antn + Anfltn_l + .. 4 AO)

P,(t)e™ t5Q, (t)e™
Rsin(ft) or R cos(ft) Asin(ft) + B cos(ft)

P,(t)e* sin(0t) or P,(t)e* cos(5t) t5e(Qn(t) cos Bt + M, (t) sin 5t)
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s > 0 is the lowest degree that ensures no terms in Y (¢) are solutions of the corresponding

homogeneous ODE, as then we would not solve the non-homogeneous ODE.

Example 6

Find the general solution to y” + 4y = t? + 3et.

Solution

The corresponding homogeneous ODE is y” + 4y = 0 which has characteristic
polynomial r24+4 =0 = r = £2iso A = 0 and p = 2. Thus the complementary

solution is

c1e” cos(2t) + coe” sin(2t) = ¢; cos(2t) + co sin(2t)

Now guess that the solution to the non-homogeneous ODE is
Y = at? 4 bt + ¢ + de

Y' = 2at + b+ deé, Y" = 2a + det
Y" +4Y = 2a + de' + dat® + 4bt + dc + 4de’ = > + 3e'
= 4dat® + 4bt + (2a + 4c) + 5de' = t* + 3¢!

Thus 4a = 1,5d = 3,4b = 0,2a + 4c = 0, so

1 3 1
a:z’d:g7bzo7402—2a:C:__:_g
Thus,
1 1 3
Y = 22— = 4 ¢t
1 T35

Thus the general solution is

1 1 3
y(t) = c1 cos(2t) + ey sin(2t) + ZtQ ~3 + get
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Example 7

Find the general solution to y” + 9y = sin(3t).

r?4+9=0 = r = +3i 50 y. = 1 cos(3t) + cosin(3t). Since g(t) is the same as

s, for our guess we need to multiply by ¢ (s = 1) to avoid duplicating terms with

the complementary solution,
Y = t[Acos(3t) + Bsin(3t)]
Y' = Acos(3t) + Bsin(3t) + t[3B cos(3t) — 3Asin(3t)]
Y" = 3B cos(3t) —3Asin(3t)+3B cos(3t) —3Asin(3t) +t[—9B sin(3t) — 9A cos(3t)]
= 6B cos(3t) — 6Asin(3t) — 9t[ B sin 3t + A cos 3t]
Y" +9Y = 6B cos(3t) — 6Asin(3t) = sin(3t)

S.B=0and A= —%. Thus,

1
y(t) = c1 cos(3t) + cosin(3t) — 6t sin(3t)

If we have something like L[y| = ¢1(t)+g2(t) we can solve L]y] = ¢1(t) and L[y] = g2(¢)
separately and simply add their particular solutions (they have the same complementary

solution).

Y’ — 3y — 4y = 3e* + 2sint — 8¢’ cos(2t).
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s N

Solution

r?=3r—4=0 = (r—4)(r+1)=0 = r=4orr=—1. " y. = e’ + e

For particular solutions solve separately, iy’ —3y' —4y = 3¢, iy’ —3y' —4y = 2sint,

y" — 3y’ — 4y = —8e’ cos(2t). Then the general solution is

y(t) = cre® + coe™" 4 Yy, + Ypo + Yps

3.8 Method of Variation of Parameters

Unlike undetermined coefficients, variation of parameters can be used to solve any equa-
tion regardless of the form of g(¢). However, this may involve integration which is not
always analytic. For L{y] = v" + p(t)y' + q(t)y = g(t), the complementary solution to the

corresponding homogeneous equation is

Ye = C1Y1 T C2¥2 (3.119)

Similar to reduction of order, for the particular solution we replace ¢; and ¢y with uy(t)
and us(t),

Yp = WY1 + Uzl (3.120)

Now

/ —_—

Yp = UYL + uryy + usys + usys (3.121)

We already see if we substitute into our ODE we have one equation and two unknowns
(u; and ugy). Since we artificially introduced u; and ug, we can artificially set constraints

on it. The easiest constraint is to set

iy + ubys =0 (3.122)
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Thus,

/ —_—

Yy = Uryy + Uy

! !/ ! ! ! !
= Yp = WYy T WYy + Ugly + Uy

Substitute into our ODE,

Lly,) =y, + p(t)y, + a(t)yp

= ui(yy + Py + a(t)yr) +ua(ys + p()ys + q(t)y2) + uiy) + usys

= g(t)

(3.123)

(3.124)

(3.125)
(3.126)

(3.127)

Since L[y;1] = L[ys] = 0 (they solve the corresponding homogeneous equation) we have

uyyy + usyh = g(t)

Uiy + upys =0

Multiply the first by y» and second by v5 to get

U YLY2 + UnYala = Y29

U1y + UusYalyy = 0

Thus,

wy (Y192 — Y1Ys) = Yag
= (=W (y1,92)) = 129
Recall W (y1,y2) = y195 — Y1y2, SO

Ya2g y2(t)g(t)

u’:—— — uq(t :/——dt—l—c
! W(?/layz) 1() W(y1,y2) '

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)
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Now ujyy + ubys = 0 = uhy = —ujy1/ys. Thus,

y(t)g(t)
W(y1, y2)

y— A

W(yla y?)

Thus, the general solution to the inhomogeneous ODE is

y(t) =y +yp

which gives

dt+62

(3.135)

(3.136)

Yag g
- emsemon ([l on [ ) i
y(t) = a1y + cayo yl( W (y1, y2) V)T Wi, ) ) (190

It is always better to try and derive than memorise.

Solve y” + ' — 6y = €' via variation of parameters.
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-

Solution

r?+r—6=0 = (r+3)(r—-2)=0 = r=-3andr =2. . y. = cre ¥ +cpe?.

Yp = ue " + ve®

S y;) — _3u€73t 4 u/673t 4 2U€2t =+ 'U/€2t

Set w'e™ +v'e® =0 = y, = —3ue™ + 2ve*.
yg = Jue " — 3u/e 3 + dve® + 20'e*

y;/ + y;, — 6y, = —3u'e? + /e = ¢!

Combined with /e + v'e?* = 0:

—3u'e 3t 20/ = €, 3u'e™ +3v'e* =0

Adding, 5v'e* = ¢! = v’ = te7". Thus

1, 1
e —e dt = —— —t b
v /56 56 + 01
Then v'e ™ = —v/e? = —le7te* = —lef sou/ = —1e*,
L g Ly
U / 56 206 + 02

LyY(t) = ciyn + eayp + uyr + vy
1
20
= cre 3 + e — iet + bye 3t — 1et + byt
20 5

_ 1
= a1e 3 4 ape — —¢!

4

1
=cre ¥ 4 cpe® + (——e“ + b2) e 3 4 <—get + b1> et

~
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3.9 Mechanical Vibrations

Second-order ODEs can be used to model the phenomena of mechanical vibrations —
particularly the motion of a mass on a spring. Consider a spring of original length ¢

which extends by a length L when a mass m is attached to it. When the system reaches

VA4 Vs

(+L

-- --¥-- equilibrium
m

Figure 8: Mass on a spring at equilibrium.

equilibrium, Newton’s second law gives us

Fy—F,=0 (3.138)

— mg—kL=0 (3.139)

k is the spring constant of the spring and ¢ is the acceleration due to gravity. We
now displace the mass such that its position from its new equilibrium position (where

downwards is positive) is given by z(t). Then by Newton’s second law again,

d2
md—tf = f(t) (3.140)

where f(t) is the net force on the mass. The four forces that compose f(t) are as follows:
1. Weight of the mass: F,, = mg acting downward (+).

2. The spring force Fy = —k(L + x(t)) exerted on the spring. If L + z(t) > 0, the
spring is extended from equilibrium and so the spring force is directed upwards (—). If
L+ x(t) < 0 the spring is compressed from equilibrium and the spring force is directed

downwards (+).

3. Damping forces like air resistance F; which always acts opposite the direction of motion
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of the mass. This force is proportional to the velocity of the mass, giving way to a
phenomena known as viscous damping. The force is given by Fy(t) = —’yfl—f where y

is a positive constant known as the damping constant.

4. Any applied external force F(t) directed upwards or downwards either due to the

motion of the mount of the spring or a force applied to the mass.

Substituting these forces into Newton’s second law gives

d2x T
Expanding,
d2
Mg =My = kL — kx —~ T +F() (3.142)

We know mg — kL = 0 by the original equilibrium position. Thus,

d2 dz
= .14
dt2 +7dt+k‘x F(t) (3.143)

We now specify two initial conditions: the original position and velocity of the mass,
z(0) = o, 2'(0) = vy (3.144)

Solving this IVP will give us the position of the mass as a function of time which we
can then use to get the velocity and acceleration which allows us to fully understand the
motion of the mass.

This equation is an approximation as the damping and spring force equations only
hold true for small velocities/displacements. We have also neglected the mass of the
spring/mount, etc. By the existence and uniqueness theorem, the IVP has a unique
solution which is consistent with our physical intuition that if the mass is set in motion
with an initial displacement and velocity, its position will be determined uniquely at all

future times.
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3.9.1 Undamped Free Vibrations

We often study undamped free vibrations, which occur when there is no damping force
(v = 0) and applied external force (F(t) = 0). The ODE then becomes
d*x

This has characteristic polynomial

=1k vk k
mr k=0 = r== U LY (3.146)
2m m m

We define the natural frequency of the system wy as

The natural frequency is the frequency at which the system oscillates when not subjected

to a continuous external force. The solution of the undamped free ODE is then

x(t) = Acos(wot) + B sin(wpt) (3.148)

As done in 3.3, multiply by v/ A2 + B2/v/ A% + B? to get

z(t) = Rcos(wot — @) (3.149)

so the mass oscillates sinusoidally. R is known as the amplitude of oscillation and ¢ is

known as the phase, both given by

R=+VA?+ B2, arctan ¢ = — (3.150)

2| 33

To get the correct phase, we need to look at the sign of cos¢p = A/R and sin¢ = B/R
and select the correct quadrant. The amplitude R = A% + B? is determined by the

initial conditions. We call the motion of this system simple harmonic as it is periodic.
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The period of one oscillation is given by

27 m
T=—=2 — 3.151
o ™% ( )

Since there is no damping involved, the mass will oscillate forever since energy from the
system is not dissipated. The frequency of the oscillation is determined by the mass and

spring constant (stiffer springs, i.e. higher k, cause more rapid oscillations).

3.9.2 Damped Free Vibrations

Damped free oscillations occur when there is no external applied force (F(t) = 0) but

there is damping (7 > 0). The ODE then becomes

d*r  dx
— —+kzx=0 3.152
maE T T (3152)
The characteristic polynomial is
mr? +yr + k=0 (3.153)

This has roots

r

vt/ K
— 27 o (3.154)
m

Depending on the sign of the discriminant, the form changes.

1. v* —4km > 0 (overdamped motion): two distinct real roots. Since v, m,k > 0, v —

4km is always less than 42 so the roots are real negative. The solution is of the form

z(t) = 1€ + cpe™! (3.155)

2. 42 — 4km = 0 (critically damped motion): one real negative root with multiplicity 2.

The solution is of the form

2(t) = e ™) 4 cyper/ 2m) (3.156)
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3. 72 —4km < 0 (underdamped motion): two complex conjugate roots with negative real

part. The solution is of the form
z(t) = cre ™ cos(ut) + coe” 7™ sin(ut) (3.157)

where

\/4km — ~?
VAR T (3.158)

H= 2m

1 is called the quasi frequency and determines the frequency at which the mass oscil-

lates. We define the quasi period Ty as

T, =" (3.159
1= )

This determines the time between each oscillation.

Regardless of the type of damping, x(f) — 0 as t — oo which is because damping
dissipates energy in the system. However, the type of damping does determine the way

the system oscillates.

1 ke —  Underdamped
S N ---  Overdamped
0.5 1 RN - - - Critically Damped
o .
O 4
—0.5

Figure 9: Comparison of underdamped, overdamped, and critically damped motion.

3.9.3 Undamped Forced Vibrations
If we have the same external applied force but no damping we get

2

d
md—tf + kx = Fy cos(wt) (3.160)
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If w # wy, the general solution is

Fy

(R — o) cos(wt) (3.161)

x = c1 cos(wot) + co sin(wot) +

This shows the motion is the sum of two periodic motions of different frequencies and

different amplitudes.

3.9.4 Damped Forced Vibrations

In damped forced vibrations we assume there is both damping (v > 0) and an external

applied force (F'(t) # 0). We assume the external force is of the form

F(t) = Fycos(wt) (3.162)
The overall ODE is then
d2_x+ %—i—k = F (wt) (3.163)
mdt2 th x = Fycos(w )

The corresponding homogeneous equation is just the case of damped free vibrations; the
solution to the homogeneous equation is known as the transient solution. We assume the

particular solution is of the form

X = Acos(wt) + Bsin(wt) (3.164)
X' = —wAsin(wt) + wB cos(wt) (3.165)
X" = —~w?Acos(wt) — w?Bsin(wt) = —w?(A cos(wt) + Bsin(wt)) (3.166)
Thus,
— mw?(Acos(wt) + Bsin(wt)) + v(—Awsin(wt) + Bw cos(wt)) (3.167)
+ k(A cos(wt) + Bsin(wt)) = Fy cos(wt) (3.168)
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Thus, by comparing coefficients,

—mw?A + ywB + kA = F (3.169)
—mw?B — ywA+ kB =0 (3.170)
This gives
—mw?B + kB
A= DT (3.171)
Yw
Substituting,
—mw?B + kB —mw?B + kB
—mw? ( M Z T ) +ywB + k ( M5 ) = Fy (3.172)
yw Yw
Thus,
2,3 _ k 2, .2 k2 _ k 2 1
B(mw mkw + v w” + mw)__:Fo (3.173)
Yw w
2,54 — 9mw? 2 4 2,2
:>B<mw mw?k + k —i—’}’w):FO (3.174)
yw
Define « as
a = \/m2wt — 2mw?k + k2 + y2w? = \/(k — mw?)? + (yw)? (3.175)
Thus,
Foyw
B = o (3.176)
which gives
Fo(k — mw?
A— o<_2mw) (3.177)
a
The particular solution is written as
U(t) = Rcos(wt — ¢) (3.178)
F
0 (3.179)

where
R=vVA?+ B> =—
«
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cos ¢ = = (3.180)

sing = 12 (3.181)
(6%

where w? = k/m. U(t) does not die out as t — oo, thus it represents steady oscillations
with the same frequency as the external force. Thus the particular solution U (t) is called

the steady-state solution or forced response.
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4 Higher-Order Linear Differential Equations

4.1 General Theory of nth Order Linear ODEs

An nth order linear differential equation is of the form

d™y

Po(t)% +

Pi(t)—— + -+ P(t)y = G(2) (4.1)

If we divide by Py(t) we can express our ODE as the linear differential operator of order
n?
dny dn—ly

Lyl = —n +pu(t) o=y + -+ oa(t)y = g(2) (4.2)

For an nth order ODE, we need n initial conditions to create an IVP,

y(to) = vo, ¥ (to) =Y, -, y" V(to) = yén_l) (4.3)

where tg € I = («, ) where the functions p;(t) for i € {1,...,n} are continuous. The

theory of nth order ODEs is analogous to that of second order ODEs.

Theorem 4.1 (Existence and Uniqueness). If we have

dny dn—ly - e
PO e By = 90, o) =0, - ¥V () = 'V (4.4)
and py,...,p, are continuous on some interval I = (a, ) where ty, € I, then there

exists a unique solution y = ¢(t) that satisfies the IVP.

The next result relates the Wronskian and linearly independent solutions for nth order

ODEs.

Theorem 4.2. For % +p1 (t)% +-+-+pp(t)y = 0 where py, ..., p, are continuous
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on an open interval I = («, 5). If yy, ..., y, solve the homogeneous equation
dny dnfly
Ly = =2 He (b = 4.
Wl = 2 T P1) g+ palt)y =0 (4.5)

and if W(y1,...,yn)(t) # 0 for at least one point in I, then every solution of the

homogeneous ODE can be expressed as a linear combination of yy, ..., y,,
y(t) = ciyi + -+ + culn (4.6)
A set of solutions (yi,...,y,) of the homogeneous ODE whose Wronskian is non-zero at

a point is known as a fundamental set of solutions.

4.2 nth Order Homogeneous ODEs with Constant Coefficients

Consider the homogeneous nth order linear ODE with constant coefficients

Lly] = agy™ + -+ any =0 (4.7)

If we take y = e as our ansatz we get

e(agr™ + -+ a,)=e"Z(r)=0 = Z(r)=0 (4.8)

This is our characteristic polynomial whose roots will give our solutions. If we have real

and unequal roots 7y, ..., 7, our solution is of the form

y=cie" + -+ cpemt (4.9)

If we have complex roots, they must occur in conjugate pairs

le)\lﬂ:iﬂl,...,rk:)\kﬂ:iﬂk (410)
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Our solution is of the form
y = eM(cy cos(pt) + casin(pgt)) + - - + e (cop_1 cos(prt) + cop sin(pugt)) (4.11)
If we have repeated roots with multiplicity s < n, the solutions are
Yy =e

R R T e T (4.12)

If we have a complex root A + iu repeated s times, the complex conjugate must also be

repeated s times. Thus,

y1 = eM(cos(ut) + sin(yut)) (4.13)
yy = teM(cos(ut) + sin(ut)) (4.14)

(4.15)
Yy =t eM (cos(ut) + sin(ut)) (4.16)

Example 10

Find the general solution to y® — 4y” + 3y = 0.
Characteristic polynomial: 7! — 472 +3 = 0. Let y = 2, then y* —4y + 3 = (y —
3)(y—1)=(r*—=1)(r?—=3) =0. Thus 2> = 1 or r> = 3, giving r = +1, r = +/3.

The general solution is

Y= clet + cge*t + cge\/gt + c4e’ﬁt

Find the general solution to y® + 2y” +y = 0.
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s N

Solution

r+2r+1=0 = (r*+1)(r* + 1) = 0. The roots are +i with multiplicity 2,
so we get

y(t) = c1cost + casint + t[eg cost + ¢4 sint]

4.3 Undetermined Coefficients for nth Order ODEs

Undetermined coefficients for nth order ODEs is the exact same as it was for second
order ODEs. You find the complementary solution ¥, to the corresponding homogeneous
ODE and make an ansatz for the particular solution y, and solve for its coefficients. The

solution is then

Y=Y+ Yp (417)

Find the general solution to

y@ + 29" + 4y = 5 + sin(2t)
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s N

Solution

Characteristic polynomial of the homogeneous ODE:
42+ 1=0 = (r+1)(r*+1)=0 = r = =+i (multiplicity 2)
S Ye = ¢ cost+cosint+t[cg cost+cysint]. Ansatz: y = Acos(2t)+ Bsin(2t)+C.

y' = —2Asin(2t) + 2B cos(2t)
y" = —4Acos(2t) — 4B sin(2t)
y" = 8Asin(2t) — 8B cos(2t)

yW = 16A cos(2t) — 16 B sin(2t)

Sy 42y +y = 16Acos(2t) — 16 B sin(2t) — 8A cos(2t) — 8Bsip(Rt) + A cos(2t)
= 5+ sin(2t)
— 9Acos(2t) — 9Bsin(2t) + C' = 5 + sin(2t)

= A=0, B——é, C=5

S Yp = —gsin(2t) + 5,

9

1
Yy = cpcost + cosint + cgtcost + eyt sint — §Sin(2t) +5

Example 13

Find a form for the particular solution of

y W — " 42" + 4y =12+ 2+ tcost
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s N

Solution

rt— 3+ 22+ 4r =0

= r(r* —r?+2r+4)=0

= r(r+1)*—=2r+4)=0

=0, r=—1,7=1+3i. " y.=c; + cee™ + e*(c3 cos(v/3t) + ¢4 sin(v/3t)).

The ansatz is then
y = t(At> + Bt + C) + (Dt + E) cost + (Ft + G) sint

(The leading t handles the fact that the constant is already in y. corresponding

tor=20.)

\

4.4 Variation of Parameters for nth Order ODEs

The method of variation of parameters is the same except we need to introduce additional

constraints.

y/// . 2y// . y/ + 2y — 2€4t.
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-

Characteristic polynomial is 7 — 21?2 —r 4+ 2 = 0.

= r=1)(*=r-2)=0 = (r=1)(r-2)(r+1)=0

r=-—1,r=1,r=2 Thus y; = e, yp = €', y3 = e*. Now the particular

solution is of the form

Yp = ure”" + uge' + uze®

where w1, us and ug are functions of ¢ to be determined.
Yy, = —ure”" +ufe ™" + uhe’ + uze’ + upe™ + 2uze™

Set whe™ + uhe! + uje® = 0 as arbitrary constraint (x). Then y, = —uje™ +

use! + 2use?t.

! 2t

Yo = ure " 4 uge’ —uje™" +uhe’ + 2use + duge™
Set uhe! —ufe "+ 2ube* = 0 as another constraint (+x). Then ¥ = ure™" +uge’ +
4'&36%.
yy' = uge’ +ube " —ure”" + uhe’ + dube® + Suze™
Yo' = 24—y 4 2y, = uge’ +ufe™t —ure”" + uhe’ + dufe* + Suge™

— 2uye "t — 2uqe!t — Suze® + uje Tt — uge! — 2use®
+ 2ue”t + 2uqel + 2uge?

= uhe " + ube! + duhe® = 2e*

We have three equations:

ue™ + uhe! +ube* =0 (1)

—uje™" 4 uhe’ + 2upe® =0 (2)

Solution

~

35
uhe”t +ubel F dufe* = 2eM (3)
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5 Series Solutions of Second-Order Linear ODEs

5.1 Review of Power Series

Definition 5.1 (Power Series). A power series centred at z is an infinite series as

below. A power series is a polynomial representation of a function,

> an(z —x)" (5.1)

n=0

The power series is said to converge at a point x if

nli_r}noo Z an(x — x0)" (5.2)
n=0

(the partial sum) exists for that . A power series may converge for all z, or only some
values of z.

The power series converges absolutely at a point x if the associated power series

D lan(e = z0)"| = lan|le — zo|" (5.3)
n=0 n=0

converges. If a power series converges absolutely, it also converges, i.e. absolute conver-
gence == convergence.

To test if a power series converges, use the ratio test where if a,, # 0 and we fix x

then
o n+1
lim an+1(& = o) = (x — xp) lim fntl (5.4)
n—00 Cln(l' — Z‘o)” n—oo | Qap
Define
L= lim |22+ (5.5)
n—oo | QA

o If L <1, the power series converges absolutely.

o If L =0, the test is inconclusive.
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o If L > 1, the power series does not converge, i.e. it diverges.

If the power series >~ jan(x — zo)" converges at © = x, it converges absolutely for

|z — xo| < |x1 — 20| If it diverges at x = xy, it diverges for |z — zo| > |z — x0|.

Definition 5.2 (Radius of Convergence). For each power series, there is a positive

n

number p called the radius of convergence such that >~ a,(x — x)" converges
absolutely for

x—xo| < p (5.6)
and diverges for

|z — 20| > p (5.7)

The interval |z — xo| < p is called the interval of convergence.

The series may converge or diverge when |x — x¢| = p. Some power series converge Vz,
thus we say p is infinite and the interval of convergence is all of R. Some series only
converge at zg, for that we say p = 0 and the series has no interval of convergence.
Suppose Y2 a,(z — xo)™ converges to f(x) and Y~ b,(z — xo)™ converges to g(x)
for [x —xo| < p, p > 0. Then the two power series can be added and subtracted termwise,
F@) % g@) = 3 (an £ b) (@ — a0)" (5.8)
n=0

The series converges at least for | — x| < p. The two series can also be multiplied,

f(z)g(z) = (Zan (x — x0) > (Zb (x — x0) ) :ch(x—xo)" (5.9)

where ¢, = agb,+a1b,_1+ - -+a,by. The resulting series converges at least for |z—x¢| < p.

If by # 0, then g(zo) # 0 and the series for f(z) can be divided by the series for g(z),

kh
H

Z d,(x —x0)" (another power series) (5.10)

n=0

”Q
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The coefficients for d,, can be obtained by equating coefficients in

> an(r — )" = (Z d(z — mo)"> (Z by (2 — x0>"> (5.11)

n=0

The function f is also continuous and has derivatives for all orders for |z — x| < p. The

derivatives are computed by differentiating the series termwise, i.e.

f(x) = Zan(x — xo)n =ag + al(x — ZE()) + GQ(ZL‘ - 1’0)2 + .- (512)
n=0

f(z) = i na,(r — 10)" " = a1 + 2ax(x — x0) + 3az(x — x9)* + - - (5.13)

() =Y n(n—Dan(x — 20)" % = 2ay + 6as(z — ) + - - - (5.14)

Each of these series converges absolutely for |2 — xq| < p. If a, = f"™ () /n!, the series
is called the Taylor series for f about x = xy.

If Y g an(x —x0)™ = > " by(x — x9)™ for each  in some open interval with centre
zo then a, = b, for n = 0,1,2,3,.... Also if >~ ja,(z — x9)" = 0 for each = then

aozalz...:an:...zo_

Definition 5.3 (Analytic Function). A function f is said to be analytic at = = x if

it has a Taylor series expansion about x = x

<) (2,
fay =3 L) (5.15)

n!
n=0

with a radius of convergence p > 0.

Most familiar functions are analytic except at certain easily recognised points. sinx, cosz, e*
are analytic everywhere. 1/z is analytic everywhere except x = 0. If f and g are analytic
at xg then f+ g, fg and f/g (provided g(z¢) # 0) is analytic at x.

We can also shift the index of summation in an infinite series since it is a dummy

variable.
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oo o0

E " = asx® + asxd + -+ = g an+2x"+2
n=0 n=0

J

Example 16

Z(n+2)(n+1)an(ac—xo)"’2 = 12as+20a3(x—x)+ - - = Z(n+4) (n+3)an 2(x—x0)"

5.2 Series Solutions Near an Ordinary Point

We saw how to solve second order ODEs with constant coefficients, but we can use power

series to solve ODEs with coefficients that are functions of the independent variable,

P(x)y" +Q(x)y + R(x)y =0 (5.16)

For now we assume P, and R are polynomials with no common factors (if they have
common factors, divide it out). If we want to solve an ODE in the form above in the
neighbourhood of a point z(, the solution in an interval zy depends on the behaviour of

P in that interval.

Definition 5.4 (Ordinary and Singular Points). A point xy such that P(xq) # 0 is

an ordinary point. A point xy such that P(zo) = 0 is a singular point.

If xy is ordinary and P is continuous, there is an open interval I where P(z) is never

zero. In that interval divide by P(x) to get

y' +p@)y +q(z)y =0 (5.17)

Since p and ¢ are continuous functions, there is a unique solution to the ODE above that
satisfies y(zo) = yo and y'(x¢) = y; according to the existence and uniqueness theorem.

At a singular point, at least one of p and ¢ becomes unbounded as © — xg, so the existence
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and uniqueness theorem does not apply.
To solve the ODE above in the neighbourhood of an ordinary point zq, we look for a

power series solution of the form

y(x) = Zan(a:—:co)” =ag+ a(r —x) + - (5.18)

and assume the series converges in the interval |z —z(| < p for some p > 0. We substitute
the power series into the ODE and try and find a recurrence relation for the coefficients

a, which then gives us the terms of the power series.

Find a power series solution to y” — zy’ —y = 0, o = 0 and find the first 4 terms in

each of the two solutions y; and y, unless the series terminates sooner.
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s N

Solution

y(fL‘) = Zan<$—x0)n = Zan(x —O)n — Zan:pn = ao_i—alx_i_
n=0 n=0 n=0

y/(aj) = Znanxn ge ay + 2asx +
n=1

y”(a:) = n(n —1)ay, = 2ay + 6asz +
n=2

Ly —ay —y=> n(n—a,a" —xznan =) aat =0

n=2 n=0

— in(n — Dayz"~ Znanx — Zanm" =0
n=2

n=0

We shift the index so they all start at n =0,

Zn n—1a,z" > Z(n+2)(n—|—1)an+2x"
n=2 n=0

o (o]
E na,x’” = E na,xr"
n=1 n=0

oo

Z[(n +2)(n 4+ 1)ap22" — naya™ — az™] =0
n=0

[
NE

[Z"((n+2)(n + 1)apie — (n+ 1)a,)] =0

[e=]

Qp,
n-+ 2

= n+2)(n+ apo— (n+1)a, =0 = ap40 = (for n > 0)

Atn=0,ay=a9/2. Atn=1,a3 =a1/3. Atn =2, a4 =as/4=ay/8 Atn =3,
as = az/b =a1/15. At n =4, ag = a4/6 = ag/48. At n =5, ay = a5/7 = a1/105.

Thus
Qo Qo
a = fr—y
TR T 2.4.6---2k
ay

a =

TS5 T (2k+ 1)

o0 2k+1
_ 91, _ z
“) T3 y a1;1 3.5 (2k+1)
2 4 6
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Find a power series solution for y” + xy’' + 2y = 0, o = 0.

92



5 SERIES SOLUTIONS OF SECOND-ORDER LINEAR ODES

-

Solution

~

o) =3 o
n=0
y'(z) = Znan:v” !
n=1
y'(2) =) n(n—1a,z"?
n=2
'+ oy + 2y = Z n(n — Da,z" 2 + Z na,x" + Z 2a,2" =0
n=2 n=1 n=0

Zn (n—1)ayx 2:Z(n+2)(n+1)an+2x"
n=2 n=0

o0 oo
E na,x’” = E na,xr"
n=1 n=0

Z[(n +2)(n+ 1)ansa + na, + 2a,)z" =0
n=0
= (n+2)(n+ a2+ (n+2)a, =0 = apy2=— Ci:l, n >0
n
ai
az = —Aap, asz = D)
2
3 3
_ay_ (=1)’m
[ 1 = 3
_1)3
ag = L (—=1)%ag
5 15
(—=1)*aq (—=1)kay

Qo) =

13- (2k—1) T 90402k

2k 0 (_1)kx2k+1

k
_“021 3 5 2k—1)+a1k2_02-4-6-~(2k:)

For a3 onwards we need to differentiate ¢"(xo). This is okay since P(x) # 0 so all
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derivatives of P and ¢ are exist. Thus we can assume p and ¢ are analytic functions at

xo. From this we can generalise definitions of ordinary and singular points.

Definition 5.5 (Ordinary Point (General)). If p = Q/P and ¢ = R/ P are analytic at

some point xg, then xq is called an ordinary point. Otherwise, x is called a singular

point.

The following result (not proved) tells us how to determine the radius of convergence of

a solution around x.

Theorem 5.1. If z; is an ordinary point of the ODE P(x)y"” + Q(x)y' + R(z)y = 0,
that is if p = Q/P and ¢ = R/P are analytic at o, then the general solution of the
ODE is

Z an(x — 20)" = agy1(z) + ay2(x) (5.19)

n=0

where ag and a; are arbitrary and yy, y2 are linearly independent series solutions that
are analytic at zy. Further, the radius of convergence for each of the series solutions
Y1, Yo is at least as large as the minimum of the radii of convergence of the series for

p and q.

Now assume we have

P(x)y" + Q(x)y + R(x)y =0 (5.20)

where P, @, R are any functions of the independent variable z with P(xy) # 0. Assume

we have a power series solution of the form

Z an(x — x0)" (5.21)

n=0

Assume this converges in the interval |z — zy| < p for some p > 0. Differentiate ¢ m

times and set x = xy to obtain

(m)
O (x0) = mlay, = am = ¢ (o) (,mo) (5.22)
m!
Thus to compute a,, we need to determine ¢™ for n = 0,1,2,.... Assume we have the

94



5 SERIES SOLUTIONS OF SECOND-ORDER LINEAR ODES

IC ¢(xg) = ap = yo and ¢'(zo) = a1 = y,. For the other a, use

) = -+ Koyt 53

Thus 2as = ¢(x0) = —ple0)/(z0) — alw)(ao) where p(x) = Q(z)/P(x) and g(z) =
R(z)/P(x).

5.3 Euler Equations

Definition 5.6 (Euler Equation). An Euler equation is an ODE of the form

Lly| = 2*y" + axy' + By =0, a,feR (5.24)

Here P(x) = 2, Q(z) = ax, R(z) = 8. The only singular point (when 8 # 0) is
x =0.

We want to extend the method of solutions for ordinary points to solve Euler equations.

These occur when our singularities are weak.

Definition 5.7 (Regular Singular Point). A point zg is a regular singular point if

xli}r;lo(az - xo)% and xli_)rilo(x — 20)? ig; are finite (5.25)

This means the singularity in Q/P is no worse than (z — z)~* and the singularity

in R/P is no worse than (z — x)~2. Such a point is called a regular singular point.

For more general ODEs of the form

P(x)y" +Q(z)y + R(x)y =0 (5.26)

xo is a regular singular point if it is a singular point (P(xy) = 0) and if both

Q(x)
P(x)

o R()
P(z)

(x — z0) and (z — ) (5.27)
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are analytic at x = xg, i.e. they have convergent Taylor series at x = xg.

We can test if x = 0 is a regular singular point for the Euler equation

. Q(r) ar .
xlig&lo(:c — xp) Pa) glggr(l)m 5= glcl_r{(l)a =« (finite)
R(x) . B .
— 2 — 2 [—
Q}Lrgslo(x o) P@) }:lir(l]l‘ > £ (finite)

Thus z = 0 is a regular singular point.

(5.28)

(5.29)

Now for any interval not including the origin, the existence and uniqueness theorem

says that the Euler equation has two linearly independent solutions

Y = C1y1 + CoYo

As an ansatz let y = x". Then

— 2%y +axy + By =0

— r(r—1)z" 4+ arz" 4+ 2" =0
= "(rir—=1)+ar+p)=0

— 2"(rP +(a—-1Dr+p)=0

Since z" # 0, we get a characteristic polynomial

4 (a—1)r+8=0

(5.30)

(5.31)
(5.32)

(5.33)

(5.34)
(5.35)
(5.36)

(5.37)

(5.38)
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5.3.0.1 Case 1: Two real roots r; and r,.

Our solution is then

y=ciz" + ca” (5.39)

We can check for linear independence via the Wronskian

™ x"?
W(y1,y2) = = poglitr2=l _p pritra—l (5.40)
rix Tt poxm2 Tl
_ el ) (5.41)

Since ry # ro, W(y1,y2) # 0 so we have linear independence. If r is not a rational number

write 2" = "' = y = ¢ " 4 cyem2 0T,

5.3.0.2 Case 2: Equal roots (r; = r3).

We have one solution y; = 2. For the second one we use reduction of order. Let

Y2 = uy1 (5.42)
= yo = u'y; + uy; (5.43)
= yy = u"y; +u'y; + 'y +uy ="y + 2u'y) + uy! (5.44)
Thus,
2y + axyy + Byy = 2 (u"y1 + 2u'y) 4+ uyl) + ax(u'y + uyh) + Buy, (5.45)

= 2%y + (axy; + 20%))u' + (2%y] + axyy + By )u =0  (5.46)
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Since y; solves the ODE, the last term vanishes,

— 2’y + (axy; + 207w’ =0
ri+2, 1 r1+1 2. ri—1\,/ __
= 2"+ (ax™ T+ 2rate™ T ) =0

= 2" (zu" + (a+2r)u') =0
Define w = «/. Then

zw' + (a4 2r)w =0
/

w a4+ 2r;
_ — = —
w x
= In|w|=—(a+2r)Inz+c;

— = w = FeSBp 0T = ¢y (@F2)

Thus since r; = (1 — «)/2, we have a + 2r; = 1. Thus

/ J—
u = cor !

u=colnr+c = y=uy; =" + " Inzx

Thus yo = 2™ Inz. Checking linear independence,

T1

T " Inx

W(yl,yz) =

ri o Hng 4 2"t

=2 ne 4+ 227 — 2  ne = 22 £ 0

Thus the general solution is

y=cx't +cox Inx

(5.47)
(5.48)

(5.49)

(5.50)
(5.51)

(5.52)

(5.53)

(5.54)

(5.55)
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5.3.0.3 Case 3: Complex roots.

Assume the complex conjugate roots are

r = A+ iu where p # 0 (5.56)

Then

x" = M = e — M eos(plnx) + isin(pln )] (5.57)

" =g = preT T — g cos(pln ) — isin(pln )] (5.58)

Then by a similar trick as we did with complex roots of the characteristic polynomial we

get
y1 = 2 cos(ulnz), yy = 2 sin(puln ) (5.59)
Thus the general solution is
y = 12 cos(pInz) + coz’ sin(pIn x) (5.60)
Confirming linear independence,
2 cos(pu1nx) 2 sin(p1n o)

W(y17y2) =

Ax* L cos(pulnz) — Al

ByAsin(plnz) Az

sin(pInx) 4+ £2* cos(puln x)
= A*tsin(puInz) cos(uInz) 4+ par® ! cos? (1 In )
— AP sin(pInz) cos(pIn x) + pa®*sin?(pn x)

— qu2/\71 # 0
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6 Systems of First-Order Linear Equations

Many real world systems involve separate but interconnected components that depend
on each other such as current and voltage in a circuit, predator and prey populations etc.
Thus several quantities tend to interact with each other but they depend on the same
independent variable, typically time. To model systems like these we use a system of
ODEs.

We can also derive a system of ODEs from higher order ODEs. Consider the damped-
free spring mass system

ma” +~yx' + kx =0 (6.1)

Let uy = x and uy = 2’. Then v} = 2’ = uy and u}, = 2”. Thus,

muy = —kuy — yug (6.3)

To transform an arbitrary nth order equation into a system of n first-order ODEs

y " =F(tyy, ... .y""Y) (6.4)
Start by defining

I =Y, 2= y/7 ey Ty = y("fl) (65)

Then it follows that
Ty = 2 (6.6)
Th = 13 (6.7)
(6.8)
x;@—l = Tn (69)
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Then,

Ty =Fi(t,xy, ..., x,) (6.10)
ry = Fy(t,z1,. .., 1) (6.11)

(6.12)
= F(t,xy,...,x,) (6.13)

A solution of such a system on the open interval I = («, ) consists of n functions

T1 =01, To= 02, ..., Tn =y (6-14)

where each function is differentiable at all points on the interval and the system is satisfied
at all points in the interval. In addition we may specify n initial conditions to get an

VP,

x1(tg) = x(l), xa(ty) = ;Eg, ooy Zp(te) = :1:2 (6.15)

A solution to such a system is a set of parametric equations in n-dimensional space. As
time changes we say the trajectory of the system changes which is specified by a curve in
n-dimensional space. The initial conditions specify the starting point of the system.

There is an existence and uniqueness theorem for such a system.

Theorem 6.1 (Existence and Uniqueness). Let each of the n functions Fy,..., F,
and the n? first partial derivatives OF, /0wy, ...,0F /0x,,...,0F,/0x,,...,0F, /0,
be continuous in a region R of ¢, x1, 25, ..., x, space defined by a <t < 3, oy < 11 <
Bi, -y ap < T, < B, and let the point (¢, 29, 29,...,2%) be in R. Then there is an
interval |t —to| < h in which there exists a unique solution x1 = ¢1(t), ..., T, = ¢n(t)

of the system of differential equations that also satisfies the initial condition.

Remark. Nothing is said about 0F;/0t.

If each of the functions Fi, ..., F}, is a linear function of the dependent variables x4, ..., x,

then the system of differential equations is said to be [linear; otherwise it is non-linear.
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The most general system of n first-order linear differential equations has the form

2y =put)rr+ -+ pra(t)z, + 91(t) (6.16)
2h = por ()1 + -+ Pon(t) Ty + go(t) (6.17)

(6.18)
2, =pu ()1 + -+ pun(t) Ty + gn(t) (6.19)

We can write this as a matrix equation

X =Ax+ G (6.20)
where
T puii(t) - pia(t) a1(t)
X = , A= : : , G = : (6.21)

If G = 0, the system is said to be homogeneous. We can state a stronger version of the

existence and uniqueness theorem for linear systems.

Theorem 6.2. If the functions pi1, p12, - - -, Pans 91, - - -, gn are continuous on an open
interval I = (a, 8), then there exists a unique solution z; = ¢1(t),...,x, = ¢,(t) of
the system that also satisfies the initial conditions where ty € I and z9,...,2°% are

any prescribed. The solution also exists throughout the interval I.

Before we discuss solutions, we need to understand eigenvectors and eigenvalues. If A is

a matrix and v is a non-zero vector such that

Av = v (6.22)

then v is said to be an eigenvector and A is the corresponding eigenvalue of the eigenvector.
Subtract to get

Av —Av=0 = (A-A)v=0 (6.23)
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The trivial solution for v is v = 0, but since v is an eigenvector v # 0. Thus we need to
ensure A — A\ is not invertible which is true only if its determinant is 0. Thus we can

compute the eigenvalues of A by solving the equation

det(A— M) =0 (6.24)

6.1 Real Eigenvalues of the Coefficient Matrix

Assume our system is of the form

Ty = axy + bao (6.25)
xh = cxy + dag (6.26)
This can be written as
@ a bl |z
o= ' (6.27)
) c d| |z
a
If the eigenvalues of are real, say A\i, Ao, then an associated eigenvector we denote
c d
by & and &, satisfies
A& = )\& (6.28)
Let our ansatz be
x(t) = Mg (6.29)
Since & will be a function of ¢,
Ax(t) = AeMg = AgeMN = NN (6.30)
X' (1) = AeME = NgeM = AgeM = Ax(t) (6.31)
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Thus x(t) = e*¢ is a solution. For our two eigenvalues we write this as

X1 = €>\1t£1 (632)

X, = ¢, (6.33)

By the principle of superposition, the general solution is

X(t) = 1M + ey (6.34)

x] = 3x1 — 2xs, xh = 231 — 215,
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s N

Solution

, 3 -2
x' = X
2 =2
3—XA =2
det(A — M) = det =0
2 —2-A

— B3=MN)(-2-XN)+4=0
— —6-—3A+22+ ) +4=0

— M -A-2=0= A-2)A+1)=0 = A=2 A=-1

For A = 2,
3—2 —2 U1 0
2 —2—=2| v, 0
2
= v =200 =0 = v =219 = v =
1
For A = —1,
4 =2 V1 0 1
= — 4v; =209 — 20 =V — V=
2 —1| |v, 0 2

SoX = cle_t + 0262t

6.2 Complex Eigenvalues of the Coefficient Matrix

Assume our system is

x = Ax, x = , A= (6.35)
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The eigenvalues p of A are given by

a— b
det(A—pl)=det | " — (a—p)d—p)—bc=0 (6.36)
c d—p

Expanding,
p* — (a+d)p+ (ad — bc) =0 (6.37)

Assume we have a complex eigenvalue given by
p1=A+iu (6.38)

Then its complex conjugate must be the other eigenvalue since the coefficients of the
matrix are still real. Thus,

pL=A+ip, po=X\—1iu (6.39)

Define our eigenvalue polynomial as
P(p) = p* — (a+d)p + (ad — be) (6.40)

Then P(p) = p*> — (a + d)p + ad — bc = P(p). Let us denote our eigenvector of p as €.
Then
(A—pHe=0 = (A—pE=0 (6.41)

Thus,
(A—pDHE=0 (6.42)

Thus, the two solutions are

x; = €ef', xy = e (6.43)
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Since p = A 4 iu we can use Euler’s formula and set £ = o + i7 to get

x; = (o + i‘r)e”\t”“t
= eM(o 4 iT)e

= eM(o +iT)(cos put + i sin pit)

)\t(

= M (o cos put — 7 sin pt) + ie™ (T cos ut + o sin put)

Similarly,

Xy = (o —iT)eM

)\t(

= e (o —iT)(cos ut — isin ut)

/\t<

= eM(o cos put — T sin put) — ie (T cos ut + o sin ut)

To obtain real-valued solutions define

u(t) = X ;‘Xz = Re(x;) = e (o cos ut — T sin ut)

v(t) = X1 2_2 X2 _ Im(x;) = (T cos ut + o sin ut)

The general solution is then

x(t) = cru(t) + cov(t)

Thus,

At(

x(t) = cre

o cos pt — T sin pt) + cee™ (T cos pt + o sin pt)

(6.44)
(6.45)
(6.46)

(6.47)

(6.48)
(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

x' = x with z1(0) = —1 and x5(0) = 1.
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-

Solution

~

-1-X =5
det =B-XN)(-1-XN)+5=0
1 3—A
24428 2+ 2
— N -242=0 = A= — = 2’:1i¢
Forp=1+i1(A=1,pu=1),
-1 =5 &1 &1
= (1+1)
r 3 3 S
B : =56 :
= —{ -5 =1+ = &= 7 g =—(2-19)&
+1
Let & =1,s0& = —(2—1) = —2+14. Thus
—241 -2 1
1 1 0
o= (-2, 7= (1,0)T. Thus
—241
x; = e'(cost +isint)
1
Taking real and imaginary parts,
—elsint — 2e cost et cost — 2e'sint
x(t) = +Co
et cost etsint
At t =0,
z1(0) —2¢1 + ¢ -1
5(0) C1 1
Thuscg=1land —2+c=-1 = ¢ =1. So
/—et T— 3¢’ sin t\
etcost + elsint
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6.3 Repeated Eigenvalues of the Coefficient Matrix

Assume our system is

T a b
x' = Ax, x = , A= (6.55)
To c d
The eigenvalues p of A are given by
det(A—pl)=(a—p)(d—p)—bc=0 (6.56)
Expanding,
p* — (a+d)p+ (ad — bc) = 0 (6.57)

If we have a repeated eigenvalue, then the discriminant is 0,

(a+d)* —4(ad — bc) = 0 (6.58)

Let the eigenvalue p be repeated and its corresponding eigenvector & so we have

x = e (6.59)

A second solution of this form exists only under special circumstances, namely when our
coefficient matrix is diagonal since that gives two linearly independent eigenvectors.
We look for solutions containing the term te”*. We know from linear algebra about

the concept of a generalised eigenvector m corresponding to the eigenvalue p which is

defined through

(A=plin=¢ = An=§+pn (6.60)

We define

Xy (t) = Ete’’ + ne’! (6.61)
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Then,
Axy(t) = te” A€ + e An (6.62)
= te p€ + (€ + pm) (6.63)
= et + pEte” + pne’! (6.64)

Then,
xh(t) = &' + pEte’ + pne! (6.65)

Thus, x, = Axs S0 x5 satisfies the equation. Thus the general solution is given by

x(t) = c1e”€ + cy(Ete” + ne) (6.66)

where p is the repeated eigenvalue, £ is the corresponding eigenvector and m is the gen-

eralised eigenvector.

x' = x with z1(0) = 3 and x(0) = 2.
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-

Solution

1—(-3) —4 A
4 —-7—-(=3)] \& 0
4 -4\ (& 1
== =0 = §=§ = €=
4 —4] \& 1

Now
1—(—3) —4 m 1
4 —7—(=3)) \n 1
4 —4\ [(m 1
> =
4 —4 72 1

- 4771—4772:1 - 4771:1+47]2

5/4
Let o =1, then 9, =5/4. Son = :
1
1 1 5/4
Sx(t) = e ey | te™™ + e3¢ /
1 1 1

Substitute initial conditions to solve for ¢y, ¢s.

.

~
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6.3.1 Drawing Phase Portraits

The phase portrait of a 2D linear system x’ = Ax is determined entirely by the eigenvalues
of A. There are five qualitatively different cases.

6.3.1.1 Case 1: Real, distinct eigenvalues of opposite sign (p; < 0 < p2).

We have a saddle. Trajectories come in along the stable eigendirection (corresponding to

p1 < 0) and leave along the unstable eigendirection (corresponding to ps > 0).

o)
&> (unstable) (stable)

X1

Figure 10: Saddle: p; < 0 < ps.

6.3.1.2 Case 2: Real eigenvalues both negative (p; < ps <0).

We have a stable node (sink). All trajectories converge to the origin as t — oo. Near
the origin, trajectories are tangent to the slow eigenvector (corresponding to ps, the
eigenvalue closer to 0), and far from the origin they are tangent to the fast eigenvector

(corresponding to py).

6.3.1.3 Case 3: Real eigenvalues both positive (0 < py < p1).

We have an unstable node (source). All trajectories move away from the origin as t — 0.

The portrait looks like the stable node with arrows reversed.
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Figure 11: Stable node: p; < ps < 0.

Figure 12: Unstable node: 0 < py < py.

6.3.1.4 Case 4: Complex conjugate eigenvalues with zero real part (p = +iu).

We have a centre. Trajectories are closed ellipses around the origin; the origin is stable

but not asymptotically stable.

6.3.1.5 Case 5: Complex conjugate eigenvalues with non-zero real part (p =
AEip).

We have a spiral. If A < 0, trajectories spiral inward (stable spiral / stable focus). If

A > 0, trajectories spiral outward (unstable spiral / unstable focus).
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T

(¢
-

&

Figure 13: Centre: p = +iu, stable but not asymptotically stable.

X2 D)

T X

Stable spiral: A < 0. Unstable spiral: A > 0.

Figure 14: Spiral: p = A +ip with A # 0.

6.3.1.6 Case 6: Degenerate node (repeated eigenvalue).

When A has a repeated eigenvalue p with only one linearly independent eigenvector &,
trajectories approach (or leave, depending on sign of p) the origin tangent to &, but they

turn to align with it. This is called a degenerate node or improper node.
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X2

1

3
z/
AN
\/f

Figure 15: Degenerate stable node: p < 0 repeated with one eigenvector.

6.3.1.7 Summary.

Eigenvalues Type Stability

p1 <0< py Saddle Unstable

p1, p2 < 0 distinct Stable node Asymp. stable

0 < p1, po distinct Unstable node Unstable

p=tiu Centre Stable (not asymp.)
p=Atiu, A<0 Stable spiral Asymp. stable
p=Axiu, A>0 Unstable spiral Unstable

p < 0 repeated (1 eigenvector) | Degenerate stable node Asymp. stable

p > 0 repeated (1 eigenvector) | Degenerate unstable node | Unstable

6.4 Fundamental Matrices

Consider again the two dimensional system

where

x' = Ax (6.67)

A= (6.68)
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and the initial conditions z1(0) = 219 and 23(0) = x9. The eigenvalues of A determine
what the solutions of the system look like.
If A has real distinct eigenvalues p;, po with corresponding eigenvectors & and &», the

general solution is

X(t) = C1€p1t€1 + C2€p2t€2 (669)

Z10

Also, x(0) = 1&1 + &2 =
T20
If A has a pair of complex conjugate eigenvalues A+iu with corresponding eigenvectors

& = o +iT1, the general solution is

x(t) = cpu(t) + cav(t) (6.70)

T
where u(t) = Re(e”’¢) and v(t) = Im(e”'€). Also, x(0) = c10 + o7 = v

T20
If A has a repeated eigenvalue p with eigenvector & then the general solution is

xX(t) = c1€”€ + co(te” € + e'n) (6.71)

T
where (A — pI)n = &. Also, x(0) = 1€ + com = 0

20
We can encode all this information without worrying about the three different cases

by considering a fundamental matrix.

Definition 6.1 (Fundamental Matrix). The fundamental matrix ®(t) is a matrix

whose columns are the vectors that represent the linearly independent solutions

above. Since its columns are linearly independent vectors, ®(¢) is invertible.

We construct ®(t) such that ®(0) = I. Given our initial conditions, the general solution

to the IVP is given by

x(t) = d(t) (6.72)

We define the fundamental matrix by starting with considering what it means to have a
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matrix as a power. We define

o0 Ann
exp(At) =1+ :ﬁ (6.73)
n!
n=1
Also,
d d — Amn
— At) = — |1 6.74
o0 = 5 | 1+ 3° 5 (6.74
o Angn—1
= 6.75
; =1 (6.75)
Also,
> AnJrltn > AnJrltn > Aktkfl
Thus,
d
a(exp(At)) = Aexp(At) (6.77)
Also,
exp(At)|i=o = exp(0) = I (6.78)

Since exp(At) satisfies the IC and its derivative is continuous, by the existence and

uniqueness theorem for linear systems we can say that

A

O(t) = exp(At) (6.79)

Example 22

aq 0
Let A = . Since A is diagonal, its eigenvalues are a; and as. Also A% =
0 a9
2 & n
a107A3: a107'7An: ay 0
0 a3 0 a; 0 af
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s N

Solution

Thus,
Aﬂtﬂ I+) .- 0
exp(At) _I+Z T o o
0 L+ aifl
Thus,
et 0
exp(At)
0 et

A way to compute the fundamental matrix is via Putzer’s algorithm.

Theorem 6.3 (Putzer’s Algorithm). Let A be an n X n matrix with eigenvalues

Aty ..oy An. Then,

n—1
exp(At) = Y i ()P, (6.80)
=0
where ‘
J
Po=1I1 P=][(A-XI), j=1,....n (6.81)
k=1
and r1(t),...,r,(t) is the solution of the triangular system
7",1 = /\17’1 (682)
=T+ ATy, §=2,000,m (6.83)
r(0) =1, r;(0) =0, j=2,....n (6.84)

Remark. Each eigenvalue appears in the list repeated according to its multiplicity, and
the order of the matrices do not matter since for example A — A\ I and A — A1 commute.
Additionally, each r; can be solved recursively. If r(¢) is found, ro(t) can be found by
solving a non-homogeneous first order ODE involving 7 (). We repeat the process until

we find ry(¢),...,r.(2).
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11

Find the fundamental matrix for A =
01
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-

I1-Xx 1
det(A — AI) = det =(A=1=0

0 1-A

Thus A = 1 with multiplicity 2. Thus Ay =1, Ay = 1. Also, By =1,

0
0 0
01 0 1 0 0
0 0 0 0 0 0
Also,
7,/
ri=MNri=r = 4+ =1= In(r)=t+c = r = A

™

r(0)=1 = A=1 = ry =¢'. For ry,

! t
Ty =11+ Xarg =€ + 19

The integrating factor is p = e/ ~1% = ¢~*. Thus,

t
(uro) =t = pry=t+c = ry= ;tc
12(0) =0 = ¢=0 = ry=t/e " =te'. Thus,
. 10 01 el
O(t) = exp(At) = ri(t) P +rao(t) Py = e’ + te! =
01 00 0

Solution

~

Putzer’s algorithm can be applied for all three cases of the eigenvalues of A, including

real and distinct eigenvalues and complex conjugate eigenvalues.
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6

Find ®(t) for A =
-2 -4
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-

2—-X 6
det =0 = A+4A-2)+12=0 = AN +2)\+4=0
—2 4\
24+ VA—16 2412
— A= ’ 0 _ 2\/_2:—1ﬂ:\/§z'

)\1:_1+\/§Za /\2:_1_\/§Z POZIa

=11+ Ay = 1h— (=1 —V/3i)ry = e(F1HV3i)

oo+ (14 V/3i)ry = e11V30t . The integrating factor is

= o 1+VBidt _ (1+V3i)t

() = pt+V3it—t+V/3it _ 2v/3it

, 1 )
c Ty = /62\/§zt dt _ 62\/§Zt T

2/3i

ry = gV 4 £ At ry(0) =0,
1 N 0 1
C = _— C = —
2V/3i 24/3i

Solution

2 6 —1++/3i 0 3 —V/3i 6
P1 - A—)\lf - - =
—2 —4 0 —1++/3i —2  —3-4/3i
3—/3i 6 3+/3i 6 0
2 —3—/3i —2  —34/3i 0
For rq,
= = 1y = Mt = (IR
For 7o,

~

Thus ry follows. Then ®(t) = r1(t) Fo +#9(t) 1.

-




7 NONLINEAR DIFFERENTIAL EQUATIONS AND STABILITY

7 Nonlinear Differential Equations and Stability

7.1 Autonomous Systems and Stability

Consider the two dimensional system

¥ = f(x,y), x(to) = xo (7.1)

Y = g(x,y), y(te) =y (7.2)

where f, g are continuous functions that have continuous partial derivatives in some
domain D of the xy plane. There is an existence and uniqueness theorem which guarantees

the existence of a unique solution

that satisfies the IVP. These are defined in some interval I that contains ¢y3. The system
above is said to be an autonomous system since f and g do not depend on the independent

variable ¢ but only on the dependent variables x and y. Let us define the following
X =(z,y), F=(f,9) (avector valued function) (7.5)

We can write our system as

X' = F(X) (7.6)

A harmonic oscillator without damping is stable since it always oscillates near the equi-
librium with a small perturbation. A damped oscillator is asymptotically stable since
after some time, the mass comes to rest at the equilibrium. We denote the length of X

as

X = Va? + ¢ (7.7)
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The critical points of the system are points such that

F(X)=0 (7.8)

Critical points represent equilibrium solutions since X’ = 0. We can now classify the

stability of the critical points.

Definition 7.1 (Stable Critical Point). A critical point X* of the autonomous system

is stable if Ve > 0, 36 > 0 such that every solution X = ®(t) satisfies

1®(t) — X*|| < e V¢ > 0 when [|#(0) — X*| < & (7.9)

Definition 7.2 (Asymptotically Stable Critical Point). A critical point is asymptot-

ically stable if it is stable and Ja > 0 such that

lim [|(t) — X*|| = 0 when |2(0) — X*|| < a (7.10)

Definition 7.3 (Unstable Critical Point). A critical point is unstable if it is not

stable.

In essence stability says that if you start close to a point, the solution will stay close for
all future points, you can orbit, wobble or bounce near the solution but you never blow
away. Asymptotic stability is a stronger condition, it implies stability and the solution

eventually goes to the equilibrium as ¢ — co.

7.2 Lyapunov Functions
Consider the two dimensional autonomous system

¥ = f(z,y) (7.11)

/

y =g(z,y) (7.12)
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Assume the origin (z,y) = (0,0) is an equilibrium solution. Consider a function V' (z,y)

defined on a domain D C R? that contains the origin.

Definition 7.4 (Positive Definite). V(z,y) is said to be positive definite on D if

V(0,0) =0, V(z,y) > 0V(z,y) # (0,0) (7.13)

Definition 7.5 (Negative Definite). V(z,y) is said to be negative definite on D if

V(0,0) =0, V(z,y) <0V(z,y) # (0,0) (7.14)

V' is said to be positive semidefinite and negative semidefinite respectively if the inequal-
ities are not strict.

Lyapunov’s idea is to replace the distance function || X|| = ||(=,y)|| = v/22 + 42 by a
function V(x,y) called a Lyapunov function. The properties of V(x,y) tells us about the
stability of the equilibrium at the origin. This is extremely powerful since we do not need
to know any information about the autonomous system itself to understand the system’s

stability; all we have to do is study V(z,y).

Theorem 7.1 (Lyapunov Stability Theorem). Suppose the autonomous system has
an isolated critical point at the origin. If there exists a function V'(x,y) that is con-
tinuous, has continuous first partial derivatives (0V/0x, 0V/dy), is positive definite
and for which V' = £V (z(t), y(t)) is negative definite on some domain D in the zy
plane containing the origin, then the origin is an asymptotically stable critical point.

If V' is negative semidefinite then the origin is a stable critical point.

Remark. It is useful to think of the Lyapunov function as the energy of the system. If V'
is negative definite then V’ < 0 so the energy keeps decreasing and the solution eventually

reaches equilibrium (asymptotic stability).
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Theorem 7.2 (Lyapunov Instability Theorem). Suppose the autonomous system
has an isolated critical point at the origin. Let V be a function that is continuous
and has continuous first partial derivatives. Suppose V(0,0) = 0 and that in every
neighbourhood of the origin, there is at least one point where V' is positive (negative).

If there exists a domain D containing the origin such that V' is positive definite

(negative definite) on D, then the origin is an unstable critical point.

Remark. If V' is positive and V' is positive definite then the energy keeps increasing
(doesn’t go to 0). Similarly if V' is negative and V' is negative definite, then the energy

keeps decreasing.
There is no general method to find a Lyapunov function; it is trial and error. Once we
find one, we can use the theorems to conclude stability.

Another geometric idea is that

d _QVdr  OVdy

V= —V(x(t),y(t)) = wdt T By dt

y (7.15)

Recall that for a vector r = (z(t),y(t)), the tangent vector shows the trajectory and is

dx dy
T=|(—,—2 1
(dt’dt) (7.16)

given by

Then it holds,
V' '=VV-T = ||[VV||||T| cos b (7.17)

If V' <0 then cosf <0 = 6 € [r1/2,37/2]. Thus for a given curve V(x,y) = ¢, this
shows that the trajectory is either inwards or at worst tangent to the curve. Thus we

have stability as the trajectory does not blow away from the solution.

7.3 Competing Species

Let z(t) and y(t) denote the population of two species at time t. Assume the two species

compete for a common resource but do not prey on each other. In the absence of one
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species, the other grows logistically as

2(t) = 2(e) — o12) = @ (1 —— ) (7.18)

€1/01

y'(t) = y(e2 — o2y) = eay (1 - ) (7.19)

62/02

€1, €2, 01, 09 are positive constants. €; and e denote the growth rate of their respective
species while €, /07 and €;/0y denote the carrying capacity or saturation level of the
species.

We can model competition by adding a dependence of z(t) on y and vice-versa as

follows

' (t) = z(ep — o172 — aqy) (7.20)

y'(t) = ylez — ooy — ap) (7.21)

€1, €2,01, 09,1, > 0. This shows that as y increases, there are less resources for = so
2'(t) < 0 and the population of x decreases and vice-versa.
The equilibrium points of the above system represent points where x and y coexist.

The equilibrium points are given by

z(ey — o —agy) =0 (7.22)

y(ea — o9y — agx) =0 (7.23)

7.3.0.1 If x =0,y =0 the equilibrium point is trivial.

(0,0).

7.3.0.2 If x # 0,y =0 then

€1
r(eg—0x)=0 = ¢ —0ox=0 = x=—
o1

gives (;—11, O).
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7.3.0.3 If x =0,y # 0 then

€
y(e2 —ooy) =0 = y:—2
p)
gives (O, ;—2)
7.3.04 If x #0,y # 0 then
€1 —ox—aoay =0
62—02y—042$:0
— oYy + 01X = €y, A + 092y = €

= QY + 010 = €10y
—01002 — 0102y = —€207

= y(aje — 0109) = €109 — €307

€100 — €201
e y = —
Q10 — 0102

€102 — (¥1€2
_ L= ————"-—
Q10g — 0109

Thus the last equilibrium point is

€102 — (X1€3 €100 — €201
Q10 — 01027 Qd1Qig — 0109

The equilibrium points are then:
e (0,0) — trivial
e (¢1/01,0) — logistic growth of x

e (0,€e3/09) — logistic growth of y

° (61”2_0‘152 , —hZa—c29l ) — interior equilibrium
alae—0102 ) a1 —0109
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The last equilibrium point is known as the interior equilibrium of the system, which can

be expressed as the determinants

€1 01 €1 01

€2 09 €y 02
: (7.24)

a1 01 Q1 01

02 Q9 02 Q9

An interior equilibrium when all the determinants above have the same sign, otherwise
either z or y would be negative and negative populations don’t make sense.

The special trajectories are lines at * = 0 and y = 0. If x =0, 2/ = 0 and y =
o9y(€2/09 — y). Thus, trajectories with x(0) = 0 stay on the z axis for all t > 0. If
0 < y(0) < ey/09, the y coordinate increases and if y(0) > ey/09, the y coordinate
decreases.

Ify=0,y =0and 2’ = 0y2(€1 /01 — x). Thus, trajectories with y(0) = 0 stay on the
y axis for all t > 0. If 0 < 2(0) < €1 /01, the x coordinate increases and if z(0) > € /oy,
the x coordinate decreases.

By the existence and uniqueness theorem, only one solution passes through the special
trajectory. This implies once a solution starts in a quadrant, it doesn’t leave the quadrant
as that would imply passing through a special trajectory.

We can determine the slope of the system using nuliclines. Nullclines are lines where
2 =0and y =0 but z #0, y # 0. Define Ly by the nullcline where '’ = 0 and Ly by

the nullcline where y' = 0,

Li:eg—oix—ay=0 —= y=—— —x (7.25)
aq aq

L2:62—02y—a2x:O:>y:€—2—%x (7.26)
g9 g9

At each nullcline, ' = 0 and 3’ = 0 so there is no change in x and y and their slope
fields are vertical and horizontal respectively. The nullclines intersect at the interior

equilibrium. We can create a table for each region of the nullclines
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Below L, Below Lo | Below Li, Above Ly | Above L1, Below Ly | Above L;, Above Ly

' + + - -

Y + - + -

Interpreting the slope field tells us how our populations change over time.

7.4 Predator-Prey Equations

Consider a prey x that grows logistically in the absence of a predator,
 =rx (1 — £> (7.27)
Now assume we have a predator y that dies out exponentially in the absence of prey
Yy = —cy (7.28)

where ¢ > 0 is known as the death rate. If the predator and prey interact we introduce

a “mass action” term

' =bx — Bry (7.29)

Y = —cy +yry (7.30)

This is the Lotka-Volterra system. As population of x, the prey, increases, the predators
grow but as the predators grow, the prey go down which causes predators to go down.

The equilibrium points are at

br — By =0 = x(b— pPy) =0 (7.31)

—cy+yry=0 = y(—c+yz) =0 (7.32)
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Solving gives the equilibrium points (0,0) and (¢/v,b//). The nullclines are

Li:y=—, Ly:x= (7.33)

At the z-nullcline, 2’ = 0. Atz >c¢/v, vz —c>0 = ¢y >0 (). Atz <c/y,y7x—c<
0 = ¢ <0 ({). At the y-nullcline, ¥ =0. Aty > b/8,b—Fy <0 = 2’ <0 (+).
Aty <b/B,b—PBy>0 = 2/ >0 (—).

Starting at the y-nullcline we see we have a high predator, low prey population so they
die out, this causes the prey population to increase which then increases the predator
population due to food abundance and the cycle repeats. The system assumes no carrying
capacity for the prey and no saturation in predator consumption which is why the cycle
repeats.

For x > 0, y > 0 (we can’t have negative population) we have

dy dy di _ —cy+ymy _ y(—c+~vyx)

S A = 7.34
de dt dr  bx — Bxy z(b— By) (7.34)
b _
=By, et g, (7.35)
T
Integrating gives
bln(y) — By =y —clnz+d = bln(y) — fy +clnx —yz =d (7.36)

The trajectories of the system lie on these level curves; different initial conditions give
rise to different values of d. When x = 0, 2’ = 0 and v’ = —cy so y population reaches 0
as t — 0o. When y = 0, ¥/ = 0 and 2/ = bx so x population blows up. The origin then
behaves like a saddle; we see above that the interior equilibrium behaves like a centre.

To understand the dynamics around the interior equilibrium (¢/v,b/8), transform
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around the origin,

u=z— < — v =12 =br — fry
Y

b
v:y—g = Vv =9y = —cy+yary

Substitute,

u’:b(u+2> —5(u+£) (v#—é)
v gl B
:bu—i—@— (u—|—£> (Bv+b)
g v
:bu—i-@— (ﬁuv+bu+@+@)
Y Y Y

b b
:bu+—c—6uv—bu—@——c
g v v

Substitute,

v’——c(v—FE)—l— (u+£) (v+é>
B 5) 77\, B
——cv—@—i-( u+c) (v—ké)
- g B

@—i— uv+b7—u—|—cv+@
5T B
byu

=Yuv + —(—
B

= —Ccv —

Thus,

(7.37)

(7.38)

(7.39)
(7.40)
(7.41)
(7.42)

(7.43)

(7.44)
(7.45)
(7.46)

(7.47)

(7.48)

(7.49)

Near the interior equilibrium (¢/v,b/8) in (x,y) we are near (0,0) in the transformed

system. Near the interior equilibrium, we can avoid fuv and ~uv since they are really
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small to get

u = —B—CU
8
v = lbu
s
Thus,
/
u 0 —Be/v) [u
v b/ B 0 v
The eigenvalues to this matrix are given by
-\ —fc
det / =0 = XN+be=0 = \=+iVbc
W/ =A

(7.50)

(7.51)

(7.52)

(7.53)

These are complex (no real parts) so we have a centre. Now our system is once again

This satisfies

(ck/v)? bﬁ/ﬁ\/_

for some k > 0. The above is an ellipse with period

27

Ve

In x,y the system close to the interior equilibrium behaves as

x:£+u:£+—cos(\/ bet +0)
7 v
b b b c
=—4v=—=4+kKk= —sm bet + 6
y=7 5143 (V )

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

k determines how big the ellipse and 6 determines where on the ellipse we start depending
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on the initial conditions.

Remark. The predator and prey population sizes vary with period 27/ Vbe which do not
depend on the IC; it varies by b (growth rate of prey) and v/bc (death rate of predator);
large rates cause period to be small. The prey and predator populations are out of phase
by a quarter of a cycle (7w/ 2\/%); the prey leads and predator lags. The amplitudes of
the oscillations depend on the initial conditions (through ) and the parameters of the

problem.
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